Derivation of group velocity
Two regular waves of almost identical wave lengths ((1 = 100 m, (2 = 101 m) and same amplitude h = 1 m are superimposed.
1. Derive an expression for the total wave elevation in terms of the average frequency (m and the small difference in frequency ((, the average wave number km and the small difference in wave number (k. 

2. Interpret the result graphically. 

Solution
1. The individual wave elevations are: 
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The total wave elevation is then: 

[image: image3.wmf](

)

(

)

)

2

2

(

1

1

)

(

2

1

Re

x

k

t

i

e

e

h

x

k

t

i

-

+

×

=

+

=

-

w

w

z

z

z


Now we define: 
(1 = (m + (( 

(2 = (m ( (( 

k1 = km + (k 

k2 = km ( (k 

Further we use:
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This yields: 
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The general definitions yield: 
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Thus the average and difference frequencies and wave numbers are: 

(m = 0.06252 Hz 

(( = 0.00195 Hz 

km = 0.78315 m(1
(k = 0.00031 m(1
2. The term of the average values yields a high-frequency oscillation. The term of the differences yields a low-frequency (long wave length) modulation of the amplitudes. The high-frequency oscillation propagates with (m/km = 12.53 m/s. The modulation wave length contains more than 200 wave lengths of the high-frequency wave. The low-frequency modulation propagates with (( /(k = 6.29 m/s, i.e. half the celerity of the “average” wave. The group velocity is obtained for the limit of small differences going to zero.  
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