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The Hydrogen Atom - Solutions

1. The radial wave function, Py (r) are given in Table 4.2. For the 1s state of

hydrogen:
=)
P -~ (L r/ag
() =) ©

where n = 1 and [ = 0. The radial probability density for this state is:

4r? a
Py(r)? = —e? /a0
Qg
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A plot of this function is easily made using standard plotting software. For
example, using MATLAB:

r =0.0: 0.1 :5.0;

P = 4xr.xr.*exp(-2+r);

plot(r,P)

This will plot the probability density in units of the Bohr radius, ag.

2. Using the radial probability density for the 1s state in the above problem:

472
Pyo(r)? = —Be’%/“o
Qg

The maximum is found by taking the first derivative and equating to zero:

d 4r 472
—|P 2 _ 20 —2r/ag _ X _—2r/ag =0
dr' 10(r)] age ag €

Divide both sides by e=2"/a0;

dr 4 0
a3 ad
0 0

One solution is 7 = 0 but we see that Pjp(0)? = 0 and so this cannot be the
maximum. The other solution is 7 = ag. This solution is consistent with Bohr
model of the hydrogen ground state.

3. The solution to this problem is given exactly in Example 4.4:

(ry = /000 r Po(r)? dr

The intermediate steps are given in Example 4.4. The answer is:

. 3&0

(r) R

Based on the long tail at large r in the plot of Pis in Figure 4.7(a), it is easy
to conclude that the average value of r should be larger than the maximum
of Pjs. From the previous problem, we know the maximum of P;4 occurs at
r = ap and indeed (r) is a factor of 1.5 times larger.

4. Starting with Eqgs. (4.7) and (4.8):

dP = |p(r)|*r*sin(6) dr df di



and using Eq. (4.4):
Pnl (7‘)

¢(T7 g, ¢) = elm(o)q)m(ea ¢)

where Pyi(r), O1,(0), and ®,,(0, ¢) for the 1s state may be found in Tables
4.1 and 4.2. Plugging these in for the 1s state with Z = 1:
1 1

P(r, 0, ¢) = ﬁwefr/ao
0

Integrating to find the probability:

P /|¢(7~, 6, ¢)|*r?sin(0) dr do de

11 ao T 27
——= r2e=2r/ao dr/ sin(0) d9/ do
0 0

3
Tag Jo

a042

T

:/ —362T/a0dr
o ap

r
Substituting p = —:
ao

1
pP= 2/ ple Pdp
0

This integral may be solved analytically using integration by parts:
! 2 2p 1 2p 2 ! ! 1 2p
el [ ()
/0 p-e p 5¢ TP, ) P 3¢ P
e ()l - [ (5)e
=—= —= — —— d
2¢ T\ Tl ) ) Ter

= 3(1 —5e7?)

Numerically, P = 0.081, so the electron spends 8.1% of its time inside the
Bohr radius.

5. Using a similar approach to that of Problem 2 above, but for the 2s state
with Z =1,

Py(r) = 5—— (1 — _) e—T/2a0

The maximum is found by taking the first derivative and equating to zero:
ol -5+ () - () ()]
—(1—-=— — | =— — | 1-—=—)(=— r/sa0 =

an 2&0 + an 2&0 + an 2&0 2&0 €

2&0
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Divide both sides by e~2"/% and multiply through by overall constants:
r r r r
) (1) =0
< 2ag 2a9 2a9 2a0
Setting x = r/2ag and collecting terms:
1-3x+22=0

Solving the quadratic equation gives:

and substituting back for x gives r = a¢(3+ \/5) It is a simple matter to plot
Py (r), which shows that the maximum is at 7 = ag(3 — v/5).

6. The 3d radial function, given by Table 4.2, is:

YA 3
27 3 (ﬁ) efZ'r/Bao
15&0 81 Qg

In units of the Bohr radius ag, plotting with MATLAB:
Z=1;
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r=0.0:0.5:70.0;
P3d = 0.0090*sqrt (Z)*Z*Z*Z*r . *r.*r.*exp(-Z*r/3) ;
plot(r,P3d)

This gives the same plot as shown in Figure 4.8. To plot the case with Z = 8,
it is only necessary to change the first line and the range in the second line.
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7. The 3d radial function is shown in the previous problem. Taking the deriva-
tive and setting it equal to zero:

3
(2) o ()
an 3&0
Dividing through by e~47/3% and overall constants:
() 2 (2) o
an 3 ap

Since the wave function is zero at r = 0, this cannot be the maximum. Solving
for 7,



. 9a0

Z

For Z = 1, the maximum is at 9ag, but for Z = 8, the maximum is much
smaller, at 1.125a9. An electron in a 3d orbit is much closer to the Z = 8
nucleus than for hydrogen with Z = 1.

8. From Example 4.3 (or Table 4.2), the 2p radial probability is

1 r\*
P. 2 dr = <—) —r/ao g
| 21(T)| " 24&() ao ¢ "

Following Example 4.4, but for the average value given here:

1 > , 1
&)= [ 1P ar

1 [®(r )4 a1
24a0/0 (ao € e

1 1>
(=) /pepdp
0

3! " 2443

Substituting p = r/a:

Integrating by parts

/ pe "’ dp:—pe"“’ —/ (=€) dp
0 0 0

The first term is zero and the second term integrates to unity. The answer is:

1 1
<7"_3>  24a}

9. Using the radial wave function from Table (4.2) for the 3d state of hydrogen:

2 2 3
Pialr) = (L) emrrans

15&0 g ap

Following example 4.4, the average value is:
2

[e%e) s} 6
= [ 1P ar= S [T (L) ey ar
0 ao Jo ao

where C' = /2/15(2/81) are the constants in Ps2(r). Substituting p = r/ao:

) =aoC? [ e dp
0



This integral can be evaluated by integrating by parts 7 times:

(r) = agC*(7) (3)7/000 e=20/3 4

The integral is easily evaluated, giving another factor of 3/2. Pluggin in C?:

22 2 3\°

0 = (Gegg) (7-0-5-4-3-2) (3)
21

= 2a0

10. Following Example 4.1, for a given n-state, the possible values of [ are
n-1, n-2, ...0. Therefore, n = 5 allows [ =0, 1,2, 3,4. For a given [ value, the
possible magnetic quantum numbers are m; = —1, (=14+1),...0,1,...,(I-1),L.
For n = 5 the results are:

[=0:m=0
l=1:m=-1,0,1
l=2:m=-2, —1,0,1,2
[=3:m=-3, =2, —1,0,1,2,3
l=4:m=-4, -3, =2, —1,0,1,2,3,4
11. Using Eq. (4.6), we have the relationship:
n=Il+v+1
where v is the number of nodes. Following Example 4.2, but for the 5d state:

5=2+v+1

giving v = 2 as the number of nodes in the wavefunction.

12. Using Eq. (4.4), a wave function is a product of radial and angular parts:

Pnl r
vir, 0, 0= 7o, 0)a(s)
and for this problem, v (r, 8, ¢) = C cos(f)r e~%"/2%_ For the angular part,
cos(0) appears in Table 4.1 for the spherical harmonic corresponding to [ = 1
and m; = 0. The factor C is just a normalization constant. For the radial
part, from the LHS of Eq. (4.5):

—h? @2 R+ 1) 1 Ze?

D gz ) Pu(r) = o= Pulr)

2mr2
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2

where P, (r) = r? e=47/2%_ Taking the second derivative of the radial wave

function:

2.2
7Zr/2a0_’_ Z°r eer/an

d? 2rZ
_Pn -9 —Zr/2a9 _ 214
dr? (r) € ao ¢ 4ag

Substituting in [ = 1 and collecting terms, the LHS of Eq. (4.5) becomes:

2 2 272 2
h rze—Zr/Qag _ Ze Te—Zr/Qag h"Z=r e—Zr/Qag
mag 4meg 8may

Recall from Eq. (1.20) that the Bohr radius agp may expressed as follows:

dmegh?
ag =

me?
Substituting this expression into the first term of the previous equation, the
first two terms cancel. Completing Eq. (4.5):
h2 Z2
2 p2em4r/2a0 EP,(r)
8may

The radial wave function is in fact an eigenfunction of the Schrodinger equa-
tion with corresponding eigenvalue (energy):

272
o h=Z
8mag

13. Using the Coulomb energy levels given, with the constants evaluated:
Z2
E,=-13.6—
n
Evaluating this for hydrogen with n = 1,2, 3:
E; =-136¢V, Ey=-34¢eV, E3=—-151¢eV

For the Ne™ nucleus with one electron, Z = 10 and the energy levels are:

Ey =-1360 eV, E;=—-340¢eV, E3=—151¢eV

14. Using Eq. (4.5):

(FE Wty 1 ze

2m dr? 2mr? - dmeg 1 ) P (T) = EPy (7')

where Z =1 for hydrogen. From Eq. (1.20):



4megh?
ag =

me2

and substituting r = agp:

(—fﬂ 42 RA(I+1) K2 Z

2m d(pag)? ' 2m(pag)?  mag (/Jao)) Pu(r) = EPu(r)

Factoring out the constant terms:

B2 < a1+ 1) Z)
o —Z2) Pu(r)= EP,
ma3 \ 2 dp? 2p2 p () ()

Substituting back for ag, we get the desired result:

2 dp? 22

1 e2 ( 1d2 1(i+1) 1)
— — =P, = FEP,
a0 Inco 5 1(r) 1(r)

15. a) Using [ = 1, this simplifies to:

and a sketch can be easily made using standard plotting software.
b) Using n = 3 from Problem 13, and [ = 1:

1 1 —-15eV

S =2 0055
P2 p  272eV

Solving for rho gives a quadratic equation:
—0.055p° +p—1=0

with solutions p = 1.062 and p = 17.12. These are the classical turning points.
c) From the sketch, we see that V1 (p) — E is negative below the turning points,
and positive outside. By the equality given in the previous problem, clearly
the derivative term has the opposite sign. So the ratio (dd}; 31)/Psp is negative
outside of the turning points and positive inside.

d) The radial function is given by Table 4.2:

Py (r) = Zi(L)Q(l_L)er/mo
V)T 340 27 \ag 6ao

or in terms of p:

Ps1 (1) o p? (1 — g) e P/3

This is easily plotted using standard plotting software. The constant terms
can be ignored, since only the shape of the wave function is relevant here. The
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shape can be seen in Fig. 4.7(b) of the text. Outside of the turning points, the
wavefunction quickly heads towards zero. This is expected, since it is outside
the range where it is classically allowed. Inside the turning points, the wave-
function has the shape of an oscillation (a wave).

16. The problem follows the development of Section 2.5. Starting with Eq.
(4.15):

R oo _ L0
%V + V(I‘,t) ’@[J = Zhg
Substituting ¢(r,t) = ¢(r)T(t) into Eq. (4.15):
oT (t)

Ho(r)T(t) = ihg(r)

ot

where H represents the operator in the square brackets. Since r and ¢ are
independent and H operates only on r:

Ho(r) ik OT(t)

¢(r) — T(t) ot

Setting this equal to the separation constant E:
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1 OT(t ))
=F
h (T(t) ot
Moving dt to the RHS and integrating:
E
InT(t)=—i—t
nT(t) iz
Setting w = E/h and solving for T":
T(t) — e—iwt

The solution for ¢(r) is similarly obtained by solving the time-independent
equation. The wavefunction is:

U(r,t) = ¢(r) e

which is the desired result.
17. The transition integral is given by the integral in Eq. (4.21):

[ simt (2) buatan v
a

For the transition 3d; — 2p;, this integral becomes:

/¢32 1 < ¢2,1,1 av

where ¢, is the spatial wavefunction for hydrogen. Using Tables 4.1 and
4.2, and writing p = r/ao:

ss2n =22 v 0, )
%2_1)2@”3 (—\/gsin(ﬁ) cos(@)ei¢)
$2,1,1 = B, ;( 7) Yi1(0, ¢)

1 /3 . i
= 2—\/6,06 r/? (— S—Wsm(ﬁ)e ¢)

where the factors 1/,/ag in front of the constant terms from Table 4.2 have
been absorbed into the z/ag term in the integral. Taking the complex conju-
gate of ¢3 21, and converting z = r cos(#) to spherical coordinates:

1
/¢§7271 (i) 21,1 AV = o18n /p4 =50/6 in?() cos®(0) dV

6487r/ // pPe=®/% sin®(9) cos?(0) dp db dep
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Carrying out the integrations:

1 00 ™ 2m
618, reo/Sqr /0 sin® 0 cos? 6 df i do
2 o0 ™
il 7‘66_5T/6dr/ (1 — cos? 6) cos? @ d(cosf)

a1 (5) | (%)
=— |6!{ - — | =212
324 {6 (5 } 15 3
18. To find the transition coefficient for polarized light from hydrogen, use
the results found in Appendix FF (online) along with Eqgs. (4.20) and (4.21).
According to the selection rules in Table 4.3, Am; = +1 for x- and y-polarized
light. Therefore, we must calculate the transition integrals for both the 2p; —

1sp and 2p_1 — 1sg cases. As in Appendix FF, use the following in place of
the z operator in Eq. (4.21):

1
T = §(r+ +r_)

1
y=2—i(7”+—7”7)

For the case of z-polarized light:

Ly = 2(¢%, 202, |* + | 67020251 1?)

Substituting the above expression for x:

* 1 * *
DlsgTh2p, = §(¢1507‘+¢2p1 + PlegT—P2p1)

PlsgTh2p_y = 5(P1g, T+ P2p—1 + B, 7 P2p—1)

3
where ¢7, 1y ¢2p, and @7, 7—¢2,_, are both equal to zero. Using the results
given in Appendix FF for the remaining terms:

1 1 2
R R

I :2(
12 6 3

Using the results of Eqs. (4.23) and (4.26):

6.078 x 10'° 1.109
Aoy = (121X6)3 6 = 6.25 x 10% per atom per second

The same procedure is used for y-polarized light. The transition integral is:

Ly = 2(|¢% o, ybap, |* + |67, yP2p-1%)
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Substituting for y:

* 1 * *
¢150y¢2p1 = 2_i(¢1sor+¢2p1 - (251307"7(252;01)

* 1 * *
¢1Soy¢2p—1 = 2_Z-(¢1sor+¢21771 - ¢1507’*¢2P71)

The nonzero terms give the transition integral:

—1 —1 -2
TRy R = 2R

Iy =2
12 < 6 3

The result for y-polarized light is:

. 1015 —1.1
Ay = 6 (gzlxﬁ)g 6 09 = —6.25 x 108 per atom per second

The minus sign can be ignored since by definition the integral in Eq. (4.21) is
positive definite.

19. Using the selection rules from Table 4.3:
Al =+1

Hence, a p-state (I = 1) can decay to either a d-state or an s-state with lower
n. The possible final states are: 3d, 3s, 2s or 1s. Note that we require [ < n
so there is no d-state for n = 1,2 (as shown in Figure 4.5).

20.(a) Assuming that the angular momentum vector 1 lies on the surface of
a cone as in Figure 4.16, the radius of the circle at the base of the cone is:

r=|l|sinf = lsinf

And, for a change of the azimuthal angle d¢, the distance that the tip of the
angular momentum vector moves is given by:

dl =1sinf d¢

b) Using the relationship of the torque to angular to momentum:
d| 7]
at| ~ "

Using Eq. (4.40) gives:

dl e
—|=—1]1xB
‘dt 2m| < B
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The definition of the vector product gives:

'% = %ZB sin(6)
Substituting d|1| = I'sin 6 d¢:
lsin(@)% - %lBsin(G)
This gives the Lamar frequency:
_d¢ eB
YL T

21. From Section 4.3.4, for the f-state with [ = 3, the possible values of m;
and mg are:

m; =—-3,-2,—-1,0,1,2,3
1 1

+

ms=—3+3

22. The total angular momentum of the 4f electron will is the vector sum
of the electron’s spin and its orbital angular momentum. Following Section
4.3.4:

J:jl +j27 jl +.j2_1a"'|j2_.j1|

Here, j; is the orbital angular momentum and js is the spin. So for an electron
in the f-state, j; = 3, with spin jo = 1/2, the possible values for J are:

7

J=Z
2)

NO| Ot

Using Eq. (4.50), the spin-orbit coupling energy is:

2 2
1
ES_():% :3<2h for]:l—|—§
2
— 1
Ey_, = gh (1+1)=—2¢h? forj:l—5

Hence the levels are split by AE,_, = (7/2)Ch%.
23. An electron in the 2p state, with [ = 2 and s = 1/2, has possible values:

j:

)

3
2

N =
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Using Eq. (4.56) and the equations that follow:

= é and = g
93/2 = 3 g1/2 = 3

The splitting of the m-levels is:
AFE = gj,uBij

where pp is the Bohr magneton given in Appendix A and we are given B =
5 T. For j = 3/2, the possible m; values and energy splittings AE are:

m; | AE (eV)
+(3/2)] 5.796 x 10~ 7
+(1/2)] 1.932x 1074
-(1/2) | —1.932 x 1074
-(3/2) | —=5.796 x 10~*

Similarly, for j = 1/2, the energy splittings are AE = 40.966 x 10~% eV for
m; = £1/2, respectively.

24. Using Eq. (4.50), the separation in energies due to spin-orbit coupling is:

AFE = g - (‘éﬁz) (1+1)= (g) (21 + 1)

Since we are using the atomic system of units, A = 1:

¢

AE=2(2l+1) (1)

For a p-state in Hetwith [ = 1 we are given in these units:

AFEg.+ =7.9x107°

which results in (ge = 5.27 x 1075, Using Eq. (4.51), the relationship between
Cre and (e just depends on Z%. (Note that the average value in the brackets
of Eq. (4.51) is the same in both cases.) This gives:

CNe o 104

CHe 24 N

Plugging in the above value for (g, gives:

gNe = 3.29 x 10_3
The separation between the 3p3,5 and 3p; /o levels is then:

29 x 103
AE = %(21 +1)=4.94x 1072

A comparison with the separation of the corresponding helium states reveals
the vastly increased impact of spin-orbit coupling for neon.
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