CHAPTER 5 SOLUTION TO REINFORCEMENT EXERCISES IN GEOMETRY OF LINES, TRIANGLES AND CIRCLES
5.3.1
Division of a line in a given ratio                                                                    
5.3.1A.


The line AB is 4cm long.  P is a point which divides  AB internally in the ratio AP : PB  =  p : q for the values of  p  and  q  given below.  In each case determine the lengths  AP, PB.  Repeat the exercise when the division is external, in the same ratios. Leave your answers as fractions in simplest form.




i)
2 : 1
ii)
3 : 2
iii)
5 : 4
iv)
3 : 7
v)
1 : 5

Solution

Internal division by P
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From the figure we have in general 

AP:PB = p:q

and so 

 EQ \f(AP,PB)  =  EQ \f(x,4 – x)   =   EQ \f(p,q)  
From this, given p:q, we can determine the length AP = x by solving this equation.

An alternative approach to such problems, if you are confident about ratios, is to note that the ratio divides the line into p + q parts, p of them in one division and q of them in the other (see i) for an example).


i) p:q = 2:1, so 

  EQ \f(x,4 – x)   =   EQ \f(2,1)  

from which x =  EQ \f(8,3)  cm and therefore 

AP =  EQ \f(8,3)  cm and PB = AB – AP = 4 –  EQ \f(8,3)   =  EQ \f(4,3)   cm

Alternatively, the ratio divides the line into 2 + 1 = 3 equal parts each of length  EQ \f(4,3)   cm. Two of them are in AP, which must therefore be of length  EQ \f(8,3)  cm, as found above and one in PB, which must therefore be of length  EQ \f(4,3)   cm.


ii) p:q = 3:2, so 

  EQ \f(x,4 – x)   =   EQ \f(3,2)  

from which x =  EQ \f(12,5)  cm  and therefore 

AP =  EQ \f(12,5)  cm     PB =  EQ \f(8,5)   cm

iii) p:q = 5:4, so 

  EQ \f(x,4 – x)   =   EQ \f(5,4)  

from which x =  EQ \f(20,9)  cm and therefore 

AP =  EQ \f(8,3)  cm     PB =  EQ \f(16,9)   cm

iv)
AP =  EQ \f(6,5)  cm       PB =  EQ \f(14,5)  cm

v)
AP =  EQ \f(2,3)  cm       PB =  EQ \f(10,3)  cm
External division by P
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From the figure, with x = BP, we have in general

 EQ \f(AP,BP)   =   EQ \f(4 + x,x)   =  EQ \f(p,q)  

i)   p:q = 2:1 so

 EQ \f(4 + x,x)   =  EQ \f(2,1)  

from which we find x = 4 cm and so 

BP = 4 cm        AP = 8 cm

ii)   p:q = 3:2 so

 EQ \f(4 + x,x)   =  EQ \f(3,2)  

from which we find x = 8 cm and so 

BP = 8 cm        AP = 12 cm

iii)   p:q = 5:4 so

 EQ \f(4 + x,x)   =  EQ \f(5,4)  

from which we find x = 16 cm and so 

BP = 16 cm        AP = 20 cm
iv) In this case AP:BP = 3:7 so P is nearer to A than it is to B and we have, from the figure
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 EQ \f(x,4 + x)   =  EQ \f(3,7)  

from which we find x = 3 cm and so 

BP = 3 cm        AP = 7 cm

(Note that this is directly obvious from 7 = 4 + 3)


v)  As for iv) we get 

AP = 1 cm     BP = 5 cm   (again 5 = 4 + 1)

5.3.1B.


With the same ratios as in Question A, it is given that  AP  =  2 cm.  Determine PB and AB in each case.

NB, answers in the book are given in the order AB; PB


Internally
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i)  AP:PB = 2:1, so PB = 1 cm and AB = 3 cm

ii)  AP:PB = 3:2, so PB =  EQ \f(2,3)  ( 2 =  EQ \f(4,3)  cm and AB =  EQ \f(10,3)  cm

iii)  PB =  EQ \f(8,5)  cm    AB =  EQ \f(18,5)  cm

iv)  PB =  EQ \f(14,3)  cm    AB =  EQ \f(20,3)  cm

v)  PB = 10 cm          AB = 12 cm
Externally
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i)  


AP:PB = 2:1 and so P is closer to B than A and from the figure we get


 EQ \f(2,x)  =  EQ \f(2,1)     so x = 1 cm and therefore

BP = 1 cm       AB = 1 cm

ii)  As i) giving 

BP =  EQ \f(4,3)  cm      AB =  EQ \f(2,3)   cm

iii)   BP =  EQ \f(8,5)  cm      AB =  EQ \f(2,5)   cm

iv)   AP:PB = 3:7  so in this case P is closer to A than to B.
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From the figure

 EQ \f(2,x)  =  EQ \f(3,7) 

giving x =  EQ \f(14,3)  .  So  

         PB =  EQ \f(14,3)   cm  and AB = x – 2 =  EQ \f(14,3)  – 2 =   EQ \f(8,3)   cm 


v)       PB = 10 cm        AB = 8 cm
5.3.2
Intersecting and parallel lines and angular measurement                       
Fill in all remaining angles 
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Solution

Using alternate and opposite angles on a transversal of two parallel lines we obtain the results shown in the figures
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5.3.3
Triangles and their elementary properties                                                    
5.3.3A.


In each case the pairs of angles are angles in a triangle.  Determine the other angle, and the corresponding external angle.



  i)
32o , 45o
ii)
73o , 21o
iii)
15o , 21o

iv)
85o ,  65o
Solution
In each case the internal angles must add up to 180(. The external angle corresponding to an internal angle x( is  180(– x(, or it is the sum of the opposite angles. Using these facts we obtain the results





Other angle


External angle

            i)

                    103(



77( 

           ii)



86(




    94( 

            iii)


144( 





36(
            iv)


30( 




    150(
5.3.3B.


Determine all the angles in triangles with the following angles and opposite external angles respectively

 
i)     25o , 114o
ii)
63o ,  80o
iii)
45o ,  65o

iv)
27o ,  115o
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Solution
i) The general situation is illustrated in the figure


The sum of the opposite angles must be equal to the external angle, from which we get

x + 25o  = 114o 


or x = 89( 

ii) Exactly as for i) we find that the internal angles are  63(, 100(, 17( 

iii)  45(, 115(, 20( 

iv)  27(, 65(, 88( 
5.3.3C.
 

 i)    
Find angles a, b, c, d.
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ii)      
Find  a, b, c, d, e, f
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Solution


i) By angles on a straight line

120( + a = 180(
so
a = 60(

Since b is one of the two equal angles, b = c, in an isosceles triangle, we also have

2b =  180( –  60( =  120(

So b = c =  60(

Finally, from angles on a line we have d = 180( – c = 120( 


ii) By corresponding angles in parallel lines e =  62( and by alternate angles c = e = 62(. By isosceles triangles 

a = f =  EQ \f(1,2) (180( – 62()  = 59( 


Parallel lines or symmetry then gives b = f = a = 59( 

5.3.4
Congruent triangles                                                                                         
Identify, where possible, a pair of congruent triangles
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Solution

i) BD is common. Triangles ADB and CBD are congruent since they have two sides and an included angle in common. ( AD = BC, BD common and (BDA = (DBC)


ii)  AC is common. AB = AD. So the two triangles ADC and ABC have right angle, hypotenuse and side in common and are therefore congruent

iii) No congruent triangles - corresponding angles are not between equal sides


iv)  No congruent triangles - equal sides are not corresponding

5.3.5
Similar triangles 
5.3.5A.


The triangles ABC and PQR are similar.  Find the lengths of all sides of PQR for the values of  x  given by   i)  1 cm
    ii)  2 cm      iii)  3.5 cm      iv)  4 m
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Solution
i) If x = 1 cm then BC:QR = 3:1 and all other corresponding sides are in the same ratio. Then

 EQ \f(AC,PR)   =  EQ \f(2.1,x)   = 3

        so 

x =  EQ \f(2.1,3)   = 0.7

Thus PR = 0.7 cm and  PQ = 2.3/3 = 0.767 cm to three decimal places


ii)  If RQ = 2 cm then from  EQ \f(BC,RQ)   =  EQ \f(3,2)   =  EQ \f(AC,PR)   =  EQ \f(2.1,PR)   we get PR = 1.4 cm Similarly,  PQ = 4.6/3 = 1.533 cm to 3dp


iii)  RQ = 3.5 cm,  PR =  EQ \f(3.5,3)  ( 2.1 = 2.45 cm, PQ =  EQ \f(8.05,3)  cm = 2.683 cm to 3dp


iv)  RQ = 4 m, PR =  EQ \f(4,3)   (  2.1 = 2.8 m,  PQ =  EQ \f(9.2,3)   = 3.067 m to 3dp


(THE ANSWER FOR PR GIVEN IN THE BOOK IS INCORRECT)

5.3.5B.


Triangles  ABC  and PQR  are similar.  Given that  AB/PQ  =  p/q, determine all the sides of both triangles for p/q values   i)  3/2      ii)  7/3      iii)  3/8

[image: image7.png]



Solution

Answers given to two decimal places


i)   EQ \f(AB,PQ)  =  EQ \f(p,q)  =  EQ \f(3,2)    and AB = 1.7 cm, so PQ =  EQ \f(2,3)  ( 1.7 =  EQ \f(3.4,3)   = 1.13cm

PR =  EQ \f(2,3)  = 0.67 cm  BC =  EQ \f(3,2)  ( 2 = 3 cm

ii)   EQ \f(AB,PQ)  =  EQ \f(p,q)  =  EQ \f(7,3)    so PQ =  EQ \f(3,7)  ( 1.7 =  EQ \f(5.1,7)   = 0.73 cm

PR =  EQ \f(3,7)  = 0.43 cm,   BC =  EQ \f(7,3)  ( 2 =  EQ \f(14,3)  = 4.67 cm

iii)   EQ \f(AB,PQ)  =   EQ \f(3,8)    so PQ =  EQ \f(8,3)  ( 1.7 =  EQ \f(13.6,3)   = 4.53 cm

PR =  EQ \f(8,3)  = 2.67 cm,   BC =  EQ \f(3,8)  ( 2 =  EQ \f(3,4)  = 0.75 cm
 

5.3.6
The intercept theorem                                                                                      

Find the missing lengths x, y, z, u in the figures below, to two decimal places
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Solution

i) By the intercept theorem   EQ \f(AD,DC)  =  EQ \f(2,DC)   =  EQ \f(AE,EB)   =   EQ \f(2.1,2.4)  

So x = DC =  EQ \f(2.4 ( 2,2.1)   =  EQ \f(4.8,2.1)   =  EQ \f(48,21)   =  EQ \f(16,7)    = 2.286 (3dp)


ii)    EQ \f(AD,DC)  =1.5 =  EQ \f(AE,EB)   =   EQ \f(2,EB)  

So y = EB =  EQ \f(2,1.5)  =  EQ \f(4,3)  = 1.33

iii)  z = AD = DC =  1.5

iv)    EQ \f(AE,EB)  =  EQ \f(AE,7)   =  EQ \f(AD,DC)   =   EQ \f(1,4)   


So u = AE =  EQ \f(7,4) = 1.75
 5.3.7 
The angle bisector theorem                                                                            

Find the missing lengths x, y, z, u, v.
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i) CB is perpendicular to AD and so by symmetry AC = AB and therefore x = 2. Then from the angle bisector theorem y = CD = DB = 1
ii) By the angle bisector theorem 

 EQ \f(CD,DB)   =  EQ \f(AC,AB)   =   EQ \f(2,2.5)   =   EQ \f(1.1,DB)   

So z = DB =  EQ \f(1.1 ( 2.5,2)    = 1.375

iii)   EQ \f(u,0.8)   =  EQ \f(1.7,1)    so u = 0.8 ( 1.7 = 1.36

iv)  EQ \f(v,1.8)    =  EQ \f(1.7,2)   

So 

v =  EQ \f(1.8 ( 1.7,2)    = 1.53
5.3.8 
Pythagoras' theorem                                                                                                
5.3.8A.


Regarding the pairs of lengths given in  i)  to  v) as the  a) shortest   b)  longest sides of a right angled triangle (in consistent units) determine the third side in each case.  Leave your answers in surd form.



i)
3, 5
ii)
5, 12
iii)
24, 25
iv)
8, 17
v)
3, 4

Solution
a)
i)  Longest side = hypotenuse =  EQ \r(32 + 52)   =  EQ \r(34)   

ii)   EQ \r(52 + 122)   =  EQ \r(25 + 144)   =  EQ \r(169)  =13 


iii)   EQ \r(242 + 252)   =  EQ \r(576 + 625)   =  EQ \r(1201)  

iv)   EQ \r(82 + 172)   =  EQ \r(64 + 289)   =  EQ \r(353)  

v)
 EQ \r(32 + 42)   =  EQ \r(9 + 16)   =  EQ \r(25)   = 5
b)
i)   Third side =  EQ \r(52 – 32)   = 4

ii)   EQ \r(122 – 52)   =  EQ \r(119)  

iii)   EQ \r(252 – 242)   = 7

iv)   EQ \r(172 – 82)   = 15

v)   EQ \r(42 – 32)   =  EQ \r(7)   
5.3.8B.
Determine the longest rod that may be placed in a rectangular box of edges  3, 4, 6 units.

Solution

The longest rod will be the diagonal of the box from one corner to the opposite corner which, by applying Pythagoras twice, has length  

 EQ \r(32 + 42 + 62)   =  EQ \r(9+ 16 + 36)   =   EQ \r(61)  
5.3.9
Lines and angles in a circle                                                                                    
5.3.9A.


A, B, C are three points on a circle centre O, taken clockwise in that order.  Given the following angles, determine the others named.


i)
(ACB  =  35o,
(AOB
ii)
(ACB  =  70o,    (AOB

iii)
(AOB  =  60o,
(ACB
iv)
(AOB  =  86o,    (ACB

Solution

Here we use the result that the angle subtended at the centre of a circle is twice that subtended at the circumference.


i) (ACB  =  35o is the angle subtended at the circumference, as shown in the figure.  So the angle (AOB  subtended at the centre is twice this, ie  70o.
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ii)  As i) (AOB = 2 ( 70o = 140o 

iii) (AOB  =  60o is the angle subtended at the centre of the circle and so  (ACB, the angle subtended at the circumference, is half this ie


(ACB =  EQ \f(1,2)  (AOB  =  EQ \f(1,2)  (   60o =  30o

iv)   As iii)

(ACB =  EQ \f(1,2)  (AOB  =  EQ \f(1,2)  (   86o =  43o
5.3.9B

Referring to Question A now assume the points  A, B, C are such that AC  =  BC,  For each case specified in Question A, determine all angles in the triangles AOC, AOB and BOC.

Solution

i) Since ABC is isosceles with apex 35o  we have
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(CAB =  EQ \f(180 – 35,2)   =  EQ \f(145,2)   = 72.5o  


Now ABO is isosceles with apex 70o, so (OAB = 55o  and

(OAC = (CAB – (OAB = 72.5 – 55 = 17.5o


Again, by isosceles triangle, (OCA = (OCA =  17.5o.  So (COA = 180 – 35 = 145o.


So the triangle AOC has angles 17.5o, 145o, 17.5o

Similarly triangle BOC has angles 17.5o, 145o, 17.5o

Triangle AOB is isoceles with 70o at the apex and so has angles 55o, 70o, 55o

ii)  With arguments as in i)  you can confirm that 


AOC has angles 35o, 110o, 35o

AOB has angles 20o, 140o, 20o

BOC has angles 35o, 110o, 35o

iii)
      AOC has angles 15o, 150o, 15o

           AOB has angles 60o, 60o, 60o

            BOC has angles 15o, 150o, 15o

iv)
       AOC has angles 21.5o, 137o, 21.5o

           AOB has angles 47o, 86o, 47o

            BOC has angles 21.5o, 137o, 21.5o
5.3.9C.
Determine the angles labelled with a letter.
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Solution

i)  Since ABC is subtended at the circumference by the diameter, it is a right angled triangle with the right angle at A. The other two angles must therefore sum to 90o and so 

5a = 90


So a = 18o 

ii)  c and d are subtended by the same arc AB, and so must both be equal to half the angle subtended by the arc at the centre, which is 100o. So c = d = 50o. Then from the isosceles triangle ADO, a = d = 50o also.


iii)  From the isosceles triangle AOB,  a = 55o. d must be 45o  since DBC is a triangle in a semi-circle and therefore  (DCB is a right angle and the two sides DC and BC are equal.


iv)  Construct BC. Then (DBC = 50o, because (DCB is 90o. Then (DAC = (DBC = 50o by angles subtended by equal arcs. So a = 50o.

5.3.9D.


Determine the labelled angles
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Solution  



i)   Since the radius is perpendicular to the tangent, 4a + a = 90o or a = 18o. b is the apex of an isosceles triangle and so  b = 180o – 2(4a) = 180o – 8 ( 18o = 36o.


ii) (ABO = 90o so a = 180o – 90o – 60o = 30o 

Also, BO = CO, so  b = (BCO = (CBO = 60o  and (ABC = 90o – 60o  = 30o  = c


iii)  By isosceles triangle, a = 65o and b =180o – 2a = 50o. By the alternate segment theorem the two tangents each make an angle of 65o with the chord forming the base of the isosceles triangle with apex C. Thus   c = 180o – 2a = 50o 

iv)  b =  EQ \f(1,2) (180o – 50o)  = 65o,  from the isosceles triangle formed by the  two tangents.  By the alternate angle theorem the two equal angles in the triangle inside the circle are each  65o  and then a = 180o – 65o – b = 50o 


   v)  The triangle in the circle is isosceles because its base is parallel to the tangent. Then by symmetry we have 3a + a + a = 5a = 180o. So a = 36o
5.3.9E.


An equilateral triangle of side 30 cm circumscribes a circle. Find the radius of the circle.
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Solution

From the figure, the triangles BMO and ANB are similar. This is because, being equilateral, all angles of ABC are equal to 60o and BN bisects the angle at B, so angle OBM is 30o. Since angle BMO is 90o it follows that angle BOM must be 60o. Then, since ANB and BMO have the same angles, they are similar. Also, by symmetry, M is the midpoint of AB.  So, if MO = r, the radius, then 

 Eq \f(MO,MB)  =  Eq \f(r,15) =  Eq \f(AN,NB)  =  Eq \f(15,NB) 

But by Pythagoras, NB =  eq \r(AB2 – AN2)  =  eq \r(302 – 152)  = 15 eq \r(3) .  So 

  Eq \f(r,15)  =  Eq \f(15,NB) =   Eq \f(15, 15) 
=  Eq \f(1,) 


and therefore 

r =  Eq \f(15,) 
= 5 eq \r(3) cm
5.3.9F.


A circle of unit radius is inscribed in a right-angled isosceles triangle.  Determine the lengths of the sides of the triangle.

Solution

Let the side of the hypotenuse of the triangle  be x. By symmetry, the hypotenuse is bisected by the radius of the circle perpendicular to it.  So the distance from one end of the hypotenuse to the point of tangency, BM, is  EQ \f(x,2) .  By tangents from the same point, this is also the same as the distance from the same apex to the point of tangency of the side adjacent to the apex, BN. So, from the figure, using Pythagoras theorem
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BC2 + AC2 = AB2

2 EQ \b(1 + \f(x,2))  2 = x2

Expanding and simplifying this gives

x2 – 4x – 4 = 0 


Solving by formula then gives

 x = 2 + 2 EQ \r(2)  

The other two sides have lengths 

1 +  EQ \f(x,2)   = 2 +  EQ \r(2)   

which is the answer given in the book

5.3.10 
Cyclic quadrilaterals                                                                                            
Determine angle a.
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Solution

Since triangle ABC is isosceles the external angle theorem tells us that the two equal angles are  60o and so the triangle is in fact equilateral. Since the angle at B is  60o the angle at D must be  180o –  60o =  120o and then a =  EQ \f(1,2) (180o –  120o)  =  30o 
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