
13.4.3 T H E BOD E P L O T : S K E T CH I N G T H E
F R E QU ENC Y R E S P ON S E O F G EN E R A L
F UNC T I O N S *

Sections 13.4.1 and 13.4.2 demonstrated the ease with which we can sketch
the frequency response of simple circuits by observing their behavior at low
frequencies and high frequencies. Things get more complicated for a network
with several inductors or capacitors. This section discusses a simple and intu-
itive method called Bode plots for sketching the frequency response of more
general circuits. The Bode method uses the insight gained from Sections 13.4.1
and 13.4.2 that the frequency response plots can be closely approximated by
straight line segments derived from the asymptotic behavior of the transfer
functions.

The method proceeds as follows: First, write the relationship (Equa-
tion 13.46, for example) in the form of a system function, the ratio of the
complex amplitude of the response to the complex amplitude of the input:

H(s) = Response

Input
. (13.91)

In general, the system function H(s) will be the ratio of two polynomials:

H(s) = amsm + am−1sm−1 + · · · + a1s + a0

bnsn + bn−1sn−1 + · · · + b1s + b0
(13.92)

where the coefficients ai and bi are real numbers since our circuit parameters
are real numbers. We saw one example of this in Equation 13.64. We can
factor the numerator and denominator polynomials and write

H(s) = K1(s − z1)(s − z2) · · · (s − zm)

(s − p1)(s − p2) · · · (s − pn)
(13.93)

where K1 is a constant and z1, z2, . . . , zm are the roots of the numer-
ator polynomial, and p1, p2, . . . , pn are the roots of the denominator
polynomial.9

9. Because the system function goes to zero when s = zi, the roots of the numerator, z1, z2, . . . , zm,
are called the zeros, definition of the system function. Similarly, the roots of the denominator,
p1, p2, . . . , pn are called the poles of the system function. The system function goes to infinity when
s takes on the value of one of the poles (in other words, when s = pi). When one or more of the
z′is or p′

is is zero, the system is said to have zeros or poles at the origin. The poles and zeros of a
system function are important system parameters because they characterize the general behavior

741a



In general, some of the roots of the numerator or the denominator polyno-
mials can be zero. Furthermore, the roots of the numerator and denominator
polynomials can also be complex. If any of the roots are complex, then they
must appear in complex conjugate pairs, so that the overall system function
remains real. We will rewrite Equation 13.93 into the following standard form
to reflect these facts:

H(s) = Kosl(s + a1)(s + a2) · · · (s2 + 2α1s + ω2
1

) · · ·
(s + a3)(s + a4) · · · (s2 + 2α2s + ω2

2

) · · · . (13.94)

In Equation 13.94, we have combined complex conjugate pairs into quadratic
terms of the form (s2 +2αs+ω2). Thus all the remaining ai values are real. The
sl term, where l can be positive or negative, reflects the case where the roots in
Equation 13.93 are zero.

We will now show that it is possible to sketch without formal calculation
the general shape of H(s) as a function of frequency. More precisely, we can
make an approximate sketch of the magnitude and phase of H(s) as a func-
tion of the input frequency ω. The resulting pair of graphics representing an
approximate sketch of the frequency response is called a Bode plot, in honor
of the Bell Laboratories engineer who devised it to study stability in feedback
amplifiers.10

The Bode plot is an approximation of the frequency response and accord-
ingly has two parts: a sketch of the log magnitude of H( jω) versus logω and a
sketch of the angle of H( jω) versus logω. These coordinates are chosen because
they facilitate straightforward construction of the frequency response graphs
even for complicated functions without the use of a computer. Taking the
magnitude and log on both sides of Equation 13.94,

log|H(s)| = log Ko+
log |s| + log |s| + · · · (l terms)+
log |s + a1| + log |s + a2| + · · · − log |s + a3| − log |s + a4| + · · ·
log |s2 + 2α1s + ω2

1| + · · · − log |s2 + 2α2s + ω2
2| + · · · (13.95)

of the system. A detailed discussion of system analysis using poles and zeros is beyond the scope
of this book.

10. Bode, H.W., Network Analysis and Feedback Amplifier Designs, Van Nostrand, New York,
1945, Chapter 15.
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and for the phase

∠H(s) = ∠Ko+
∠s + ∠s + · · · (l terms)+
∠(s + a1) + ∠(s + a2) + · · · − ∠(s + a3) − ∠(s + a4) − · · ·
+ ∠(s2 + 2α1s + ω2

1) + · · · − ∠(s2 + 2α2s + ω2
2) − · · · (13.96)

Notice that there are four types of terms in the magnitude and phase equations:

1. The Ko constant term,

2. the s terms,

3. terms of the form (s + a), and

4. quadratic terms of the form (s2 + 2αs + ω2), which have complex roots.

This gives us a simple way of approximating the magnitude and phase curves
of the frequency response plot. First, draw the individual magnitude and angle
curves for each of the four types of terms in the numerator and denominator
of Equation 13.94. Then, construct the overall magnitude and phase plots by
simply adding together the individual curves.

Let us now address each of the four terms:

1. The Ko constant term.
We saw how to draw the frequency response of constant terms in
Section 13.4.1. Essentially constant terms result in horizontal lines on the
magnitude plot and have a phase of zero.

2. The s terms.
Terms of the form s and 1/s (if l is negative) were also plotted in
Section 13.4.1. We saw that each of these terms result in lines of +1 or
−1 slope on the log magnitude plot and contribute to a phase of 90◦ or
−90◦, respectively.

3. Terms of the form (s + a).
Section 13.4.2 addressed terms of the form (s + a). We showed that the
magnitude part of the frequency response of these terms is approximated
by two straight lines corresponding to the low and high frequency
asymptotes meeting at the break frequency a. Accordingly, Bode plots
result in a series of straight line segments attached together at the break
frequencies.

The phase plot also uses low- and high-frequency asymptotes and passes
through 45◦ at the break frequency a. For more accuracy, the phase curve
can be approximated by a straight line that passes through 45◦ at the
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break frequency a, and meets the low- and high-frequency asymptotes at
0.1 times the break frequency (0.1a) and 10 times the break frequency
(10a), respectively.

4. Quadratic terms of the form (s2 + 2αs + ω2) with complex roots.
Although not as straightforward, it is possible to sketch frequency
response plots for system functions of the form (s2 + 2αs + ω2), where
the roots are complex. However, we will defer a further discussion on
plotting Bode plots for complex roots to Section 14.4. For now, we will
focus on real roots.
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