Derivation of potential of Airy wave on deep water

We derive the expression for a potential of a standing wave with wave crests in y-direction. We assume small wave height following a similar approach as for the expression of the deep water wave progressing in x-direction. Follow an ansatz that the potential is the product of three independent functions for x, z, and t. We start with the ansatz for the potential: 
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The Laplace equation 
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This equation must be fulfilled at all times. Thus:
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The expression on the l.h.s. depends only on x, the expression on the r.h.s. only on z. This can be fulfilled at all places only if the two expressions are constant. We denote the constant as (k2. Then the solutions are:
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The arbitrary constant factor for g(z) has been omitted as eventually the product of f and g will have one arbitrary constant factor. Therefore without loss of information, we can now set the constant factor for g to 1.

At the (linearised) free surface z = 0, we have to fulfil a linearised combination of kinematic and dynamic conditions:
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g =9.81 m/s2. This yields with 
[image: image8.wmf])

(

)

(

'

z

kg

z

g

-

=

:

fgh''+g fg'h = 0
    (     h''(gkh = 0     (     
[image: image9.wmf]=

h

h

"

g z
This yields the solution:
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with (2 = gk. Again the arbitrary constant factor has been set to 1. The expression for the potential is now:
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Only the constant A remains to be determined. The maximum z-location for a particle at the free surface is the wave amplitude h. The maximum z-location can be found by integrating the z-velocity in time and taking the maximum. This involves one x-derivation and one t-integration in the above formula which yields for the amplitude:
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The final expression is thus:
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