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OPTIONS

I Options are a further example of derivatives that are more
complicated than futures and forwards.

I In contrast to futures and forwards, the holder of an option
has the right but not the obligation to trade a specified asset
for a specified strike price, K, on or before expiry at time T.

I Since the option to trade is to the advantage of the holder,
an option has value at the outset and an associated initial
premium is paid by the holder to the writer.

I The underlying asset, the strike price and the expiry date
of the option are defined in advance. The problem is then
to determine the option’s value (or price) at any time
0 ≤ t ≤ T based on prevailing market conditions at that
time.

I The option price at t = 0 is the initial premium.
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VARIATIONS

I The general class of options permits many variations.
I For example, the option holder could take either side of the

trade. This leads to the need to distinguish
I call options where the holder has the right to buy the

underlying from the writer, and
I put options where the holder has the right to sell the

underlying to the writer.
I Furthermore, the timing of the trade leads to

I European options where the trade must occur (if opted for) at
the expiry time T,

I American options where the trade can be performed at any
time prior to expiry.

I The above variations define the standard vanilla options.
I Many more exotic options exist, but we focus only on

European calls and puts in what follows.
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PAYOFF AND PROFIT
I The holder of an option will only exercise if the trade will

lead to a positive payoff.
I For a European call option, a positive payoff results when

the strike price is less than the market price at t = T.
I For a European put option, a positive payoff results when

the strike price is greater than the market price at t = T.
I The payoffs at expiry are therefore expressed as

fcall = max{ST − K, 0}
fput = max{K − ST, 0}.

I The profit arising from either option is then

f − premium.

I This means that the maximum loss for the holder is limited
to the premium paid. This would occur when the holder
opts not to perform the trade.



CONTENTS PAGE MATERIAL SUMMARY

EXAMPLE
An investor enters into a contract under which she has the right but
not the obligation to purchase an asset in 6 months’ time for £10. The
initial contract premium is £1.25.

a.) State the type of contract the investor has entered.

b.) Calculate the profit if the market price of the asset at expiry is
i) £15,

ii) £7.

Answer

a.) The investor has entered into a call option with K = £10, T = 0.5
and premium £1.25.

b.) i) If S0.5 = £15, the asset is worth more than the strike price
and the investor will exercise the option. The payoff will be
£15 - £10 = £5 and the profit £3.75.

ii) If S0.5 = £7, the asset is worth less than the strike price and
the investor will not exercise the option. The payoff is then
£0 and the profit is -£1.25, i.e. a loss.
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PAYOFF (PROFIT) DIAGRAMS

I It is useful to plot the potential profit/loss resulting from
an option at expiry as a function of possible values of ST.
These plots are called position diagrams or profit diagrams.

I For example, for a call option with initial premium c0 the
two positions of the trade have potential profits given as
shown (note the long position is the option holder).
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MONEYNESS

I The payoff (and profit) from a European option is
unknown prior to expiry.

I However we introduce the moneyness which gives a crude
measure of the value of the option at interim time t < T.

I An option is said to be
I in-the-money if an immediate exercise would lead to a

positive payoff,
I at-the-money if an immediate exercise would lead to zero

payoff,
I out-the-money if an immediate exercise would lead to a

negative payoff.
I In particular,

in-the-money at-the-money out-of-the-money
Call St > K St = K St < K
Put St < K St = K St > K
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OPTION PRICING, NON-INCOME PAYING ASSET

I Calculating the price of exotic options is a key problem in
financial mathematics.

I In what follows we remain constrained to European
options where closed-form expressions exist.

I We denote the price of European call and put options at
time 0 ≤ t ≤ T by ct and pt, respectively. The option
premiums are then c0 and p0.

I Option prices are determined by the characteristics of the
particular contract and also prevailing market conditions
at time t. In particular they are functions

ct(t,St,K,T, σ, r) pt(t,St,K,T, σ, r)

where σ is the price volatility of the underlying asset and r
is the prevailing risk-free force of interest.
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NO-ARBITRAGE ARGUMENTS

I It is possible to use no-arbitrage arguments to develop
expressions for the bounds on theoretical European option
prices

St−Ke−r(T−t) ≤ ct ≤ St Ke−r(T−t)−St ≤ pt ≤ Ke−r(T−t).

I We are unable to derive explicit expressions for ct and pt
using such arguments.

I However, we can develop a statement of put-call parity
which relates the prices of equivalent put and call options

ct + Ke−r(T−t) = pt + St.

I In order to derive ct and pt we must consider pricing
models for the underlying asset. Such models are stochastic
which complicates the mathematics involved.
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BLACK–SCHOLES MODEL, NON-INCOME PAYING

ASSET

I The Black–Scholes model allows us to develop explicit
expressions for either ct or pt.

I The model is based on a number of assumptions, the most
significant is that the underlying asset price model
incorporates a log-normal distribution.

I In the case of European options on non-income paying
assets, the Black–Scholes model leads to the expressions

ct =StΦ (d1)− Ke−r(T−t)Φ (d2)

pt =Ke−r(T−t)Φ (−d2)− StΦ (−d1)

where

d1 =
ln St

K +
(
r + 1

2σ
2) (T − t)

σ
√

T − t
and d2 = d1 − σ

√
T − t.
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EXAMPLE

A 2-year European put option with strike price £48 is written
on a non-income paying asset. The current market price of the
asset is £52, the price volatility is 10% and the risk-free force of
interest is 2% per annum.
a.) Calculate the option premium under the Black–Scholes

model.
b.) Calculate the premium for the equivalent European call

option under the Black–Scholes model.
c). Confirm that the put-call parity expression holds in this

case.
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EXAMPLE
Answer

a.) We first require p0 with S0 = 52, T = 2, K = 48, σ = 0.10 and
r = 0.05 from

p0 = Ke−rTΦ(−d2)− S0Φ(−d1).

We have

d1 =
ln 52

48 +
(
0.05 + 1

2 0.102
)

(2)

0.1×
√

2
= 1.3538 and d2 = 1.2024,

and from standard normal distribution tables Φ(−d2) = 0.1146
and Φ(−d1) = 0.0895, leading to p0 = £0.32.

b.) Similarly, the price of the equivalent call option is calculated as
c0 = £8.89.

c.) We can check that put-call parity holds in this case by using c0 to
compute p0 from

p0 = c0 + Ke−rT − S0 = 8.89 + 48e−0.05×2 − 52 = 0.32

which agrees with the result above.



CONTENTS PAGE MATERIAL SUMMARY

BLACK–SCHOLES MODEL, INCOME PAYING ASSET

I The expressions for ct and pt can be modified to account
for an underlying asset that pays a fixed continuous rate of
dividend payment, q.

I The resulting expressions are often known as the
Garman–Kolhagen pricing formulae

ct =Ste−q(t−T)Φ (d1)− Ke−r(T−t)Φ (d2)

pt =Ke−r(T−t)Φ (−d2)− Ste−q(T−t)Φ (−d1)

where

d1 =
ln St

K +
(
r− q + 1

2σ
2) (T − t)

σ
√

T − t
and d2 = d1 − σ

√
T − t.

I These expressions reduce to the Black–Scholes pricing
formulae when q = 0.
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SUMMARY
I A European call option gives the holder the right but not the

obligation to buy a stated asset from the writer at a stated time
for a known price.

I A European put option gives the holder the right but not the
obligation to sell a stated asset to the writer at a stated time for a
known price.

I The option to trade or not has value and the holder will typically
pay an initial premium to the writer to enter into the contract.

I It is possible to derive bounds on option prices and establish an
expression of put-call parity using no-arbitrage arguments. These
depend on the properties of the contract and the prevailing
risk-free interest rate.

I By assuming a pricing model for the underlying asset that is
log-normally distributed with known price volatility, we can
derive explicit, closed-form expressions for European option
prices at time 0 ≤ t ≤ T, ct and pt.

I This is the Black–Scholes model which can be easily modified to
consider an underlying that pays a known dividend yield.
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