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CHAPTER 13

Empirical Methods

13.1     Introduction

13.2     The Jackknife

13.3     Bootstrap methods


13.4     The Expectation Maximzation Algorithm

13.5     Introduction to Markov Chain Monte Carlo


13.6     Chapter summary


13.7      Computer Examples


            Projects for chapter 13

Exercise 13.2

13.2.1.

(a) Let 
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Use the command “jackknife” in R,

we obtain the results below:

$jack.se

[1] 12.66607

$jack.bias

[1] 0

$jack.values

 [1] 287.1818 289.2727 276.3636 279.4545 287.4545 284.0909 284.8182 288.0909

 [9] 286.7273 289.0000 287.0000 288.5455

Using the same notations defined in Section 13.2, we have the relation between our notations and the results in R as follows:
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Thus, the jackknife estimate can be obtained by
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Since
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, we have the jackknife estimate of μ as 
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(b) A 95% jackknife confidence interval for μ is 
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(c) Compare the 95% jackknife confidence interval with Example 6.3.3, where the confidence interval is (257.81,313.59). Thus, in this exercise through the two methods, we get a very close confidence interval for μ.
13.2.3.

Let 
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From R we can obtain the following results:

$jack.se

[1] 1.050376

$jack.bias

[1] 0

Since
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, we have the jackknife estimate of μ as 
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A 95% jackknife confidence interval for μ is 
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There is a 95% chance that the true mean falls in
[image: image11.wmf]58.845,63.595)

(

.

13.2.5 Let 
[image: image12.wmf] variance.

sample

ˆ

  

and

 

2

=

=

q

s

q

From R we can obtain the following results:

$jack.se

[1] 2247.042

$jack.bias

[1] 0

Since
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A 95% jackknife confidence interval for 
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There is a 95% chance that the true variance falls in
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. Compare the 95% jackknife confidence interval with Example 6.4.2, where the confidence interval is (4442.3, 31299). Thus, in this case the jackknife confidence interval for 
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13.2.7.

(a) Let 
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From R we can obtain the following results:

$jack.se

[1] 0.1837461

$jack.bias

[1] 0

Since
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A 95% jackknife confidence interval for μ is 
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(b) Let 
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From R we can obtain the following results:

$jack.se

[1] 0.1682317

$jack.bias

[1] 0

Since
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A 95% jackknife confidence interval for 
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(c)There is a 95% chance that the true mean falls in
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; and there is a 95% chance that the true variance falls in
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Exercises 13.3

Please note that resampling procedure may produce different bootstrap samples every time. Hence the results might be different. You can perform the bootstrapping using any statistical software. 
13.3.1.

Using statistical software R we have created N = 8 bootstrap samples of size 20. Next we calculated the mean of each bootstrap samples, denoted by
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The bootstrap mean = 
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13.3.3.

Using statistical software R we have created N = 199 bootstrap samples of size 10. Then
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. Thus, respectively, the 0.025 and 0.975 quantiles of the sample means are the 5th and 195th values of ascending-ordered sample means from the bootstrap samples. Then we get the 95% bootstrap confidence interval for μ as (59.07, 63.16).
13.3.5.

(a) Using statistical software R we have created N = 199 bootstrap samples of size 6. Then
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. Thus, respectively, the 0.025 and 0.975 quantiles of the sample means are the 5th and 195th values of ascending-ordered sample means from the bootstrap samples. Then we get the 95% bootstrap confidence interval for μ as (150.667, 1149.5).

(b) And, respectively, the 0.025 and 0.975 quantiles of the sample medians are the 5th and 195th values of ascending-ordered sample medians from the bootstrap samples. Then we get the 95% bootstrap confidence interval for the population median as (110, 1366.5).

Exercises 13.4

13.4.1.

(a) Since
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Then the likelihood function of Y is
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Solving
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(b) The complete likelihood for Y and S is
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The conditional probability density of S given Y = y is
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Thus 
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Fix
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Solving
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Then we obtain the EM algorithm as
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13.4.2.

(a) The complete likelihood function of X is
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By Neyman-Fisher Factorization theorem
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The log likelihood for the complete data set is
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This shows that the log likelihood based on the complete data is linear in complete-data sufficient statistics. Since the complete-data 
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Hence at the 
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Recall that MLE estimate of complete data likelihood for 
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Therefore substituting the expectations of sufficient statistics computed in the E-step to the above MLE estimates, we get the EM algorithm as
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(c) For tolerance of error = 0.001 with initial value
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For multinomial distribution the expected value of each class is n multiplied by the probability of that class.
Then, for 
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13.4.5.

(a) The survival function is
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 By substituting the expectation computed in E-step we get the EM algorithm,
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Exercises 13.5

All the algorithms and generations of simple distributions in this section can be done by any statistical software. The statistical software, R, is used here. 
13.5.1.

The 1st iteration:
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Step 3: Generate u from U(0,1). Suppose the software generated u = 0.5494. 

Since r < u, we reject the new state 7 and stay at state 6. Set
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The 2nd iteration:
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Step 3: Since r > 1, set
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The 3rd iteration:
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Step 3: Generate u from U(0,1). Suppose the software generated u = 0.7594. 

Since r < u, set
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The first 3 iterations are given above. The readers can follow the same algorithm to obtain more sample points. Note that different results may appear due to the different generated values each time.
13.5.3.
The Metropolis-Hastings algorithm is given below:


For t = 0, start with an arbitrary point, 
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.Step 3: Acceptance / Rejection.



   Generate u from U(0,1).



   If 
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Step 4: Set t = t+1, go to step 1.

13.5.5.

Use the nominating matrix below
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The Metropolis-Hastings algorithm is given below:


For k = 0, start with an arbitrary point, 
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Step 1: Generate j from the proposal matrix as follows:
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Step 3: Acceptance / Rejection.
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Step 4: Set k = k+1, go to step 1.
13.5.7.
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The Metropolis-Hastings algorithm is given below:


For t = 0, start with an arbitrary point, 
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Step 1: Generate y from the proposal density 
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Step 3: Acceptance / Rejection.



   Generate u from U(0,1).
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Step 4: Set t = t+1, go to step 1.

13.5.9.

From Example 13.5.5 with 
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iterations are (5, 0.33), (5, 0.46), and (5, 0.26).
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13.5.11.
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Apply the above result we have
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The Gibbs sampler is given below:

Start with an arbitrary point, 
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Step 1: Generate 
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Step 2: Generate 
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Step 3: Obtain the 
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Sample R code


library(bootstrap)


x<-c(269,295,246,259,388,274,354,249,266,271,303,254)


theta<-function(x){mean(x)}


results<-jackknife(x,theta)


results


mean(x)


qt(0.975,length(x)-1)





Sample R code


library(bootstrap)#calling the bootstrap library


x<-c(-1,8,5,10,2,12,7,9,1,3,4,6,4,12,11,2,-1,10,2,8)#data


a<-bootstrap(x,8,mean)#bootstrap sampling


s<-a[[1]][]


bm<-mean(s)#bootstrap mean


bstd<-sd(s)#bootstrap standard deviation





R Code for Q14.4.2 part(c)





em.norm <- function(Y){


Yobs <- Y[!is.na(Y)]


Ymis <- Y[is.na(Y)]


n <- length(c(Yobs, Ymis))


r <- length(Yobs)


# initial values


mut <- 1.7 # (*)


sit <- 0.01*(r-1)/r # (**)





# Define log-likelihood function


ll <- function(y, mu, sigma2, n){


-.5*n*log(2*pi*sigma2)-.5*sum((y-mu)^2)/sigma2


}





# Compute the log-likelihood for the initial values, and ignoring the missing data mechanism


lltm1 <- ll(Yobs, mut, sit, n)


repeat{


# E-step


EY <- sum(Yobs) + (n-r)*mut


EY2 <- sum(Yobs^2) + (n-r)*(mut^2 + sit)


# M-step


mut1 <- EY / n


sit1 <- EY2 / n - mut1^2


# Update parameter values


mut <- mut1


sit <- sit1


# compute log-likelihood using current estimates, and igoring the missing data mechanism


llt <- ll(Yobs, mut, sit, n)


# Print current parameter values and likelihood


cat(mut, sit, llt, "\n")


# Stop if converged


if ( abs(lltm1 - llt) < 0.001) break


lltm1 <- llt


}}


x<-c(1.613,1.644,1.663,1.732,1.740,1.763,1.778)


x[7:10] <- NA


em.norm(x)
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