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Chapter 3

Additional Topics in Probability





3.1 Introduction

3.2 Some special distribution functions

3.3 Joint distributions

3.4  Functions of random variables

3.5 Limit Theorems

3.6 Chapter summary

3.7 Computer examples


Projects for Chapter 3

Exercises 3.2

3.2.1
(a)
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3.2.3
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3.2.5
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3.2.7
Let X = the number of people satisfied with their health coverage, then n = 15 and 

p = 0.7.

(a)
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   There is a 20.6% chance that exactly 10 people are satisfied with their health coverage.

(b)
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   There is a 51.5% chance that no more than 10 people are satisfied with their health coverage.

(c)
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3.2.9
Let X = the number of defective tubes in a certain box of 400, then n = 400 and 

p = 3/100=0.03.

(a)
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(c)
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(d)
Part (c) shows that the probability that at most one defective is 0.0000684, which is very small.

3.2.11
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3.2.13
The probability density function is given by
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Hence,
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Hence, there is a 40% chance that a piece chosen at random will be suitable for kitchen use.

3.2.15
The probability density function is given by
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(c)

There is a 20% chance that the efficiency is between 60 and 80 units; there is 10% chance that the efficiency is greater than 90 units.
3.2.17
Let X = the failure time of the component. And X follows exponential distribution with rate 0.05. Then the p.d.f. of X is given by
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3.2.19
The uniform probability density function is given by
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3.2.21
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The minimum score that a student has to get to an “A” grade is 78.22.

3.2.23
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13.4% of the balls manufactured by the company are defective.
3.2.25
(a)
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(d)

There is a 16% chance that a child chosen at random will have a systolic pressure greater than 125 mm Hg. There is a 2.3% chance that a child will have a systolic pressure less than 95 mm Hg. 95% of this population have a systolic blood pressure below 131.45.
3.2.27
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Using standard normal table, we can find that 
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obtain 
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For the probability of surviving 0.2, 0.5 and 0.8 the experimenter should choose doses 0.58, 1 and 1.73, respectively.

3.2.29
(a)
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(b) 
[image: image42.wmf]1

0

()'(0)(1)()

X

t

EXMt

a

abbab

--

=

==---=

, and

[image: image43.wmf]2

0

2

2

0

1

)

2

(

2

)

1

(

)

(

)

1

)(

1

(

)]

(

)

1

(

[

)

0

(

)

(

b

a

a

b

b

a

a

b

b

a

a

a

+

=

-

-

+

=

-

-

-

=

=

=

-

-

=

-

-

t

t

X

t

t

dt

d

M

X

E



[image: image44.wmf]2

2

2

2

2

)

(

)

1

(

)

(

)

(

)

(

ab

ab

b

a

a

=

-

+

=

-

=

X

E

X

E

X

Var

.
3.2.31
(a)

First consider the following product
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Transforming to polar coordinates with 
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Hence, we have shown that
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3.2.33
In this case, the number of breakdowns per month can be assumed to have Poisson distribution with mean 3.
(a)
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. There is a 14.94% chance that there will be just one network breakdown during December.
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. There is a 35.28% chance that there will be at least 4 network breakdowns during December.
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. There is a 98.81% chance that there will be at most 7 network breakdowns during December.

3.2.35
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The probability that an acid solution made by this procedure will satisfactorily etch a tray is 0.6442.
(b)
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The probability that an acid solution made by this procedure will satisfactorily etch a tray is 0.4712.

3.2.37

Note MGF for exponential and gamma distribution:
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By the uniqueness of the MGF,
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Exercises 3.3
3.3.1
(a)

The joint probability function is


[image: image65.wmf] 

4

24

4

10

6

8

)

,

(

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

-

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

=

=

=

y

x

y

x

y

Y

x

X

P

,

where 
[image: image66.wmf]4

0

 

and

 

,

4

0

 

,

4

0

£

+

£

£

£

£

£

y

x

y

x

.
(b)


[image: image67.wmf]8610

30430

(3,0)0.053

24

4

PXY

æöæöæö

ç÷ç÷ç÷

--

èøèøèø

====

æö

ç÷

èø

.
(c)


[image: image68.wmf]22

00

8610

141

(3,1)(,1)0.429

24

4

xx

xx

PXYPXxY

==

æöæöæö

ç÷ç÷ç÷

--

èøèøèø

<======

æö

ç÷

èø

åå

.

(d) 
	
	y

	x
	0
	1
	2
	3
	4
	Sum

	0
	0.020
	0.068
	0.064
	0.019
	0.001
	0.172

	1
	0.090
	0.203
	0.113
	0.015
	
	0.421

	2
	0.119
	0.158
	0.040
	
	
	0.317

	3
	0.053
	0.032
	
	
	
	0.085

	4
	0.007
	
	
	
	
	0.007

	Sum
	0.289
	0.461
	0.217
	0.034
	0.001
	1.00


3.3.3
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Thus, if c = 1/4, then
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3.3.5
By definition, the marginal pdf of X is given by the row sums, and the marginal pdf of Y is obtained by the column sums. Hence,
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3.3.7
From Exercise 3.3.5 we can calculate the following.
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3.3.9
(a) The marginal of X is
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3.3.11
Using the joint density in Exercise 3.3.9 we can obtain the joint mgf of 
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where 
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After simplification we then have
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3.3.13
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3.3.15
(a)
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3.3.17
Assume that a and c are nonzero. 
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3.3.19
We fist state the famous Cauchy-Schwarz inequality:
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By the Cauchy-Schwarz inequality we have
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3.3.21
(a)
First, we compute the marginal densities.
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(c)

To check for independence of X and Y 
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Hence, X and Y are not independent. 
3.3.23
Let 
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Exercises 3.4

3.4.1
The pdf of X is 
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3.4.3
Let 
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Then the joint pdf of U and V is given by
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Then the pdf of U is given by


[image: image132.wmf]ò

ò

¥

¥

-

=

=

dv

v

v

v

u

f

dv

v

u

f

u

f

Y

X

v

V

U

U

1

)

,

(

)

,

(

)

(

,

,

.

3.4.5
The joint pdf of 
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We can easily show that the marginal densities are

[image: image135.wmf]¥

<

<

¥

-

=

=

-

¥

¥

-

ò

x

e

dy

y

x

f

x

f

x

X

  

,

2

1

)

,

(

)

(

2

1

2

1

s

s

p

, and


[image: image136.wmf]¥

<

<

¥

-

=

=

-

¥

¥

-

ò

y

e

dx

y

x

f

y

f

y

Y

  

,

2

1

)

,

(

)

(

2

2

2

2

s

s

p

.
This implies that 
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3.4.7
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Then the joint pdf of U and V is given by
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Thus, the pdf of U is given by 
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Hence, the pdf of U is
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3.4.11
Since the support of the pdf of V is 
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Therefore, the pdf of E is given by
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3.4.13
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Then the joint pdf of U and V is given by
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3.4.15
The joint pdf of 
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Apply the result in Exercise 3.4.14 with 
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Exercises 3.5

3.5.1
(a)

Note that X follows 
[image: image177.wmf])

5

,

5

(

Beta

, then apply the result in Exercise 3.2.31 we have 
[image: image178.wmf]2

/

1

=

m

 and 
[image: image179.wmf]44

/

1

2

=

s

. From the Chebyshev’s theorem


[image: image180.wmf]2

1

1

)

(

K

K

X

K

P

-

³

+

<

<

-

s

m

s

m

.

Equating 
[image: image181.wmf]s

m

K

-

 to 0.2 and 
[image: image182.wmf]s

m

K

+

 to 0.8 with
[image: image183.wmf]2

/

1

=

m

 and 
[image: image184.wmf]15

.

0

44

/

1

=

=

s

, we obtain 
[image: image185.wmf]2

=

K

. Hence, 


[image: image186.wmf]75

.

0

2

1

1

)

8

.

0

2

.

0

(

2

=

-

³

<

<

X

P


(b)

[image: image187.wmf]961

.

0

)

1

(

630

)

8

.

0

2

.

0

(

8

.

0

2

.

0

4

4

=

-

=

<

<

ò

dx

x

x

X

P


3.5.3
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3.5.5
Apply Chebyshev’s theorem we have
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This implies that we want to find n such that 



[image: image198.wmf]250

1

.

0

25

9

.

0

4

1

100

1

=

Þ

=

Þ

=

×

-

n

n

n


3.5.7
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3.5.9
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Therefore, the conditions of the weaker version are not satisfied, either.
3.5.11
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3.5.13
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3.5.15
From the Chebyshev’s theorem 
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3.5.17
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3.5.21
Let 
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