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1

Lines and Planes and the Cross
Product in r?

Prerequisite: Section 1.2: The Dot Product

This section covers material which may already be familiar to you from analytic
geometry. We will discuss analytic representations for lines and planes in R3. We
will also introduce a new operation for vectors in R3, the cross product, and show
its usefulness in geometric and physical calculations.

» Parametric Representation of a Line in R3

We begin by finding equations to describe a given line in R3. A line is determined
uniquely once a point on the line as well as a direction for the line are known.
Consider the following example.

ExAMPLE 1 We will find equations that represent the line passing through the origin (0, 0,0) in
the direction of the vector [1,—2,7] (see Figure 1). Notice that a point is on the
line if and only if it is the terminal point of a vector that starts at (0,0,0) and is
parallel to [1,—2,7]. Every such vector is, of course, a scalar multiple of [1,—2,7],
and hence has the form ¢[1, -2, 7] = [t, —2t, Tt], for some real number ¢. Therefore,
the points on the line are all of the form (z,y, z), where z = ¢, y = —2t, and z = Tt.
Taken together, these three equations completely describe the points lying on the
line. |

Figure 1 Line passing through the origin in the direction of [1, —2,7]

The equations for the line in Example 1 are called parametric equations. The
variable ¢ in these equations is called the parameter. In general, to find parametric
equations for the line passing through the point (xg,yo, 20) in the direction of v =
[a, b, c], we look for the terminal points of all vectors beginning at (o, yo, 20) that
are parallel to v (see Figure 2).

Any vector parallel to v is of the form [at, bt, ct], for some real number ¢, and
since

[0, Y0, 20] + [at, bt, ct] = [zo + at, yo + bt, 20 + ct],

the terminal point of such a vector has the form (zg+ at, yo +bt, zo + ct). Therefore,
we have proved the following theorem:
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Figure 2 Line passing through (z, yo, 29) in the direction [a, b, ¢]

THEOREM 1
Parametric equations for the line [ in R?® passing through (g, %0,20) in the
direction of [a, b, c] are given by

r=x9+at, y=yo+bt, z==z9+ct,

where t represents a real parameter. That is, the points (z,y, 2) in R? which lie
on [ are precisely those which satisfy these equations for some real number ¢.

If we think of the parameter ¢ as representing time (e.g., in seconds), and if we
imagine an object starting at (g, Yo, 20) at t = 0, traveling to new positions along
the line [ as the value of ¢ changes, then the parametric equations for z, y, and z
indicate the coordinates of the object at time ¢ as it travels along [. Note that ¢
can be negative (representing “past” time) as well as positive (“future” time).

We illustrate Theorem 1 with several examples.

EXAMPLE 2

We will find parametric equations for the line passing through (—2,7,1) in the
direction of the vector [4,—3,6], and then use these equations to find some other
points on the line. By Theorem 1, the appropriate equations are:

r=-244, y=7-3t, z=1+6t,

where t € R. Choosing arbitrary values for ¢ in these equations will produce the
coordinates of other points on the line. For example, letting ¢ = 1 yields the
point (2,4,7). This is the terminal point of the vector 1[4, —3,6] having initial
point (—2,7,1). Choosing t = —2 produces the point (—10,13,—11). This is the
terminal point of the vector —2[4, —3, 6] having initial point (—2,7,1). |

In the next example, we illustrate how to get the equation for a line when
two points on the line are given. This example also shows that the parametric
representation of a line is not unique.

EXAMPLE 3

We will calculate parametric equations for the line in R® passing through (7,1, 1)
and (—3,0,5). In this case, we are not explicitly given the direction of the line.
To find a vector in this direction, we take one of the points, say, (—3,0,5), as the
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initial point, and the other, (7, 1,1), as the terminal point. This yields the direction
vector [7 — (—=3),1 —0,1 — 5] = [10,1, —4]. Then, using this vector together with
the point (7,1,1), we find that the parametric equations for the line are

c=7+10t, y=14+t, z=1-—4t,

where ¢ € R. Alternatively, notice that we could have used (7,1,1) as the initial
point and (—3,0,5) as the terminal point in calculating the parametric equations.
This choice gives us the direction vector [—10, —1,4] (why?), and we would then
obtain the alternate parametric equations

x=-3—10s, y=—s, z=>5+4s,

where s € R. We used a different variable for the parameter in these last three
equations to emphasize the fact that equal values of s and ¢ do not correspond to
the same point on the line. For example, ¢ = 0 corresponds to the initial point
(7,1,1), while s = 0 produces (—3,0,5). In order to produce (—3,0,5) from the
first set of parametric equations, we must use t = —1. |

In the last example, notice that we also could have used any nonzero scalar
multiple of [10,1,—4] as the direction vector. In particular, if we choose a unit
vector in the direction of [10,1,—4] as the direction vector, the absolute value of
the parameter ¢ would represent the distance traveled along the line from the initial
point.

In the next example, we consider two intersecting lines, and show how to find the
point of intersection and the angle formed between the lines. Notice that whenever
a pair of distinct lines intersects, there are at most two distinct angles formed, and
these two angles are supplements of each other; that is, their angle measures sum
to 180°. We define the angle between two intersecting lines as the minimum
of these two angles (i.e., the angle that is < 7 radians = 90°). We can find this
angle by taking a vector in the direction of each line, calculating the angle between
these vectors, and then taking the supplementary angle if necessary.

ExXAMPLE 4

Let I and Il be the lines with parametric equations

li: =8—-5t, y=—-3+2t, z=—-T+7t, wheret € R,
and lo: x=6+3s, y=—-2—3s, z=2+42s. where s € R.

First, let us determine if these lines intersect, and, if so, where. In order for [y
and [y to intersect, we must find values for s and ¢ such that all of the following
equations are simultaneously satisfied:

8§—5t = 6+3s

—-3+2t = —2—5 .

—T+7 = 2+ 2s
Solving for t in the first of these yields t = —%5 + % Substituting this into the
second equation produces —3—1—2(—%54—%) = —2—s, which gives s = —1. Therefore,

t =1 (why?). We check that these values of s and ¢ satisfy the third equation as
well (they yield 0 = 0), and therefore, the lines do intersect, and this occurs when
s = —1 and t = 1. This intersection is at the point (z,y,2) = (3,—1,0) in R3
(why?).

Next, we determine the angle between these lines. To do this, we find a direction
vector for each line, and then use the dot product to calculate the cosine of the
angle 0 between them. A vector in the direction of [y is [—5,2,7] (because —5, 2,
7 are the coefficients of the parameters in the parametric equations for /1) and a
vector in the direction of I3 is [3, —1,2] (because 3, —1, 2 are the coefficients of the

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
COPYRIGHT (© 2016 ELSEVIER, LTD. ALL RIGHTS RESERVED.



4

parameters in the parametric equations for ls). Therefore,

[757277] ! [377152] -3
= ~ —0.0908.
15,2, 7] 113, =1, 2]l /7814

Therefore, 8 ~ 95.2°. Since this angle is greater than 90°, the angle between the
lines is the supplement of this, which is ~ 84.8° (see Figure 3). [ |

cosf =

Figure 3 Lines [; and [5 in Example 4

Notice in Example 4 that different parameters (¢ and s) were used to represent
the lines [; and [5. If, instead, we had used the same parameter t for both lines,
finding the solution would not have been as straightforward. In particular, the
equations for x would then be z = 8 — 5t and z = 6 + 3t. Setting 8 — 5t = 6 + 3t
would lead to 8t =2, or t = i, which does not agree with the value for ¢ obtained in
Example 4. This is because the true intersection point (3, —1,0) of the lines [; and
Iy occurs at different values of ¢ on each line (at ¢t = 1 for line /3, and at ¢ = —1 for
line I3). That is, different points on each line are produced by the same value of the
parameter t. In effect, any value of the parameter ¢ has a different “meaning” for
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each line. The moral here is that whenever we are working with two or more lines
in the same problem, we must generally use a different parameter for each line.!

The next example illustrates a situation where two given lines have no point of
intersection.

EXAMPLE 5

Consider the lines I3 and l4, whose parametric representations are

l3: x=5—-3t, y=4+t, z=3—1t, where t € R,
and Iy x=246s, y=—2s, z=3+2s, whereseR.

Notice that I3 is in a direction parallel to [—3,1,—1], and l4 is in a direction parallel
to [6,—2,2] (see Figure 4). Since [6,—2,2] = —2[-3,1,—1], these two direction
vectors are parallel. Therefore, I3 and I4 are either distinct parallel lines or different
representations of the same line. To determine whether these lines are the same,
we notice that (5,4, 3) lies on 3. If I3 = 4, this point would also be on l4, so there
would be a real number s such that

5=2+6s, 4=-2s, and 3=3+42s.

The first of these equations yields s = %, which satisfies neither of the other equa-

tions. Therefore, (5,4,3) does not lie on Iy, so I3 and 4 are distinct, parallel lines.
|

Figure 4 The lines I3 and Iy from Example 5, showing that I3 || 4

In Example 5 the distinct lines I3 and l4 did not intersect because they are
parallel. But in R? (unlike R?), it is also possible for non-parallel lines to have no
intersection at all. Such lines are called skew lines. For example, the lines

ls: x=2, y=t, z=0,
and g x=t, y=2, z=1

have non-parallel direction vectors [0, 1,0] and [1, 0, 0], respectively (why?), yet I5
and lg never intersect since the z-coordinates of their points always differ.

IThere are some applications where we might use the same parameter for both lines. For
example, if the lines represent the paths that two objects are taking, and ¢ represents time, then
we can “synchonize the clocks” by using the same parameter for both lines. But this situation
would be an exception to the general rule.

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
COPYRIGHT (© 2016 ELSEVIER, LTD. ALL RIGHTS RESERVED.



» Planes in R3

Unlike a line, a plane in R? extends in many different directions. But all vectors
perpendicular to a given plane are multiples of each other, a fact we will find useful
when describing the plane. A vector perpendicular to a given plane is called a
normal vector for that plane. In fact, a plane is completely determined once we
know a point that lies in the plane and a normal vector for the plane.

Suppose (xg, Yo, 20) is a point lying in the plane P, and suppose the vector
[a,b,c] is a normal vector for P (see Figure 5).

Figure 5 The plane in R? perpendicular to [a, b, ¢] and passing through (g, 3o, 20)

Now, (z,y, z) is a point of P if and only if the vector [z —xo, y—yo, 2 — 20], with
initial point at (zo, Yo, 20), lies entirely in the plane P. Therefore, (z,y, z) lies in
the plane precisely when this vector is perpendicular to the normal vector [a, b, c[;
that is, if and only if

la,b,c]-[x — xo,y — Yo, 2 — 2] =0, or, a(x—z0)+bly—yo)+c(z—2)=0.

Hence we have produced an equation for the plane. This result is stated in the
following theorem.

THEOREM 2

Let P be the plane in R? that passes through the point (2, yo, 20) having normal
vector [a, b, c]. Then, P is precisely the set of points of the form (x,y, z) which
satisfy the equation

ax + by 4+ cz = axg + by + czp.

EXAMPLE 6

The equation of the plane passing through (zg, 3o, 2z0) = (1, —3, 1) and perpendicular
to [a,b,c] =[7,1,2] is

Te+y+22=7-14+1-(-3)+2-1, whichis 7z +y+2z=6.
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The next example illustrates how to find a normal vector for a given plane.

EXAMPLE 7

Let P be the plane satisfying the equation 6x — 3y 4+ 5z = 9. Then, comparing this
with the formula in Theorem 2, we find that [6,—3,5] is a normal vector for P. A
unit normal vector for P would be

6,-3,5 la\/ﬁ ~3V70 V70
|

Notice that if [a,b,c] is a normal vector to a plane, then any nonzero scalar
multiple of [a, b, ] is also a normal vector to that plane as well.

When a pair of different planes intersects, there are at most two distinct angles
formed, and these two angles are supplements of each other. These are, in fact,
the same angles formed between normal vectors (in both directions) for the planes.
Therefore, we define the angle between two intersecting planes as the min-
imum angle (i.e., the angle that is < 90° = 7 radians) between a normal vector
for one plane and a normal vector for the other. Exercise 7 explores this concept
further.

You may recall from high school geometry that three non-collinear points in R3
uniquely determine a plane. Given three non-collinear points in R3, we can use
Theorem 2 to find an equation for the plane that they determine once we calculate
a normal vector for the plane. The next topic, the cross product of vectors, will

furnish us with a method for finding a normal vector for a given plane.

» The Cross Product

DEFINITION

The cross product operation for vectors in R3 takes two vectors and produces a
third vector. This differs in two important ways from the dot product of vectors,
which we discussed in Section 1.2. First, the cross product of two vectors will be
another vector, not a scalar, as with the dot product. Second, the cross product
is defined only for vectors in R®, while the dot product is defined in R™ for any
positive integer n.

Let x = [x1, 79, 23] and y = [y1,y2,y3] be two vectors in R®. Then, the cross
product of x and y, written x X y, is the 3-vector

[(z2ys — x3y2), (T3y1 —21Yy3), (T1y2 — Z2y1)]-

The formula for the cross product is not difficult to remember. Notice that each
coordinate of x X y is of the form z,y, — x5y,. The subscripts a and b are chosen
so that in the ith coordinate of x X y neither a nor b equals i. For example, in the
first coordinate of x X y, only 2 and 3 are used as subscripts. Also, notice that in
the first coordinate of x X y, the xoys term is positive. In the second coordinate,
the x3y; term is positive. The subscripts of the positive term are always placed in
the order in which they appear next to each other as the circle in Figure 6(a) is
traversed in a clockwise direction. (When using this circle, be careful to write the
a-factor of each term before the y-factor.) Another easy way to remember the cross
product formula involves using the determinant of a 3 x 3 matrix, which is covered
in Chapter 3. (See Exercise 8 of Section 3.1.)

ExAMPLE 8

We calculate several cross products:
(a) [1,-3,-2]x [E [—12 0] Z5[]((—3)-0—(—2)~(—1))7 ((=2)-2-1-0), (1-(=1)=(=3)-2)]

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
COPYRIGHT (© 2016 ELSEVIER, LTD. ALL RIGHTS RESERVED.



(a) (b)

Figure 6 (a) Orders for subscripts in the cross product; (b) Orders for i,j,k in the
cross product

(b) ixj=[1,0,0] x[0,1,0]=[(0-0-0-1),(0-0—1-0),(1-1—0-0)]
=1[0,0,1] =k.

(¢) jxk=[0,1,01%[0,0,1] =[(1-1—0-0),(0-0—0-1),(0-0—1-0)]
=[1,0,0] = i.

(d) kxi=[0,0,1] x[1,0,0]=[(0-0—1-0),(1-1—0-0),(0-0—0-1)]
=1[0,1,0] =j.

(e) jxi=[0,1,0]x[1,0,0]=[(1-0-0-0),(0-1—0-0),(0-0—1-1)]
=1[0,0,—1] = —k. |

In the last example, we worked out four of the calculations in the following list,
and the others are easily verified.

ixj = +k jxi= -k
jxk = +i kxj=-i
kxi= +j ixk = —j.
Notice that three of these cross products have “—” signs attached to the results.

You should check that the result has a “4” sign attached if and only if the vectors
to be crossed are adjacent when the circle in Figure 6(b) is traversed in a clockwise
direction.

The calculations involving i, j, and k above point out that the cross product is
not commutative. In fact, part (1) of the next theorem shows that the cross product
X X y is anti-commutative because x x y = —(y X x). That is, x X y is precisely
the reverse vector of y x x, since they have the same length, but x x y has the
opposite direction as y x x. Also note that the cross product is not associative:
that is, in general, (x X y) X z # x X (y X z). (See Exercise 11.)

» Basic Properties of the Cross Product

The next theorem lists many of the fundamental properties of the cross product
operation.
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THEOREM 3
(Basic Properties of the Cross Product)
Let x,y and z be vectors in R?, and let a be any real number. Then,

(1) xxy=—(y xx) (Anti-Commutative Property)
(2) (ax) xy =x X (ay) = a(x X y) (Scalar Associative Law)

(3) xx0=0xx=0 (Zero Property)

(4) xxx= (Cancellation Property)

(5) xx(y+2z)=(xxy)+ (xxz) (Distributive Law of Cross

Product over Addition)
(6) x-(xxy)=y- -(xxy)=0 (Orthogonality)
=x

(7) (xxy)- =

(y x 2) (Exchange of Cross
and Dot Products)

Part (6) of Theorem 3 gives us one of the most important properties of the cross
product, since it asserts that if x X y is nonzero, then x X y is perpendicular (or,
orthogonal) to both x and y, since the dot product of x x y with each of x and
y is zero. As we will see below, it is this property which makes the cross product
useful in finding a normal vector for a plane. Part (7) is particularly amazing (and
perhaps unexpected), showing that the roles of the cross product and dot product
can be reversed if the order of the vectors involved does not change!

Before proving Theorem 3, we illustrate how some of the cross product properties
can be used to simplify computations.

ExAMPLE 9

Notice that

2,2, —4] x [—1,—1,2]
= ((-

é)[ 1,-1,2]) x [-1,-1,2]
= (-2)([-1,-1,2]) x [-1,—1,2]) by part (2) of Theorem 3
= (-2)[0,0, 0] by part (4) of Theorem 3

= 1[0,0,0].
Of course, a brute-force calculation of the cross product yields
2,2, =4 x[-1,-1,2] = [(2:2—(—4)-(-1), ((-4)-(-1)—=2-2), (2- (1) —2:(=1))],
which equals [0, 0, 0], as expected. [ |

Proof| Proof of Theorem 3 (Abridged): The proofs of all parts of Theorem
3 are done by brute force computation. It is enough to simplify each expression in
each equation until there is a single vector or number on both sides of the equation.
At that point, it will be obvious that both sides are equal. We prove part (1) and
half of part (6), and ask you to do the remaining parts in Exercise 9. Throughout
the proof, we assume that x = [x1, 22, 23] and y = [y1,y2, y3] are vectors in R3.

Proof of Part (1): Using the definition of the cross product, we see that

—(y xx) = —([(y223 — y3x2), (Y321 — y123), (Y122 — Y21)]
= [(—23y2 + 22y3), (—w1y3 + 23y1), (—T2y1 + T1Y2)],

which is clearly equal to x x y, completing the proof of part (1).

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
COPYRIGHT (© 2016 ELSEVIER, LTD. ALL RIGHTS RESERVED.



10
Proof of Part (6): We will compute x - (x X y) and show that the result is zero.

Now, x - (x Xy)
= [21,22, 23] - ([(2y3 — 392), (¥3y1 — 21Y3), (T1y2 — T211)])
= 11(T2y3 — T3Y2) + T2(w3y1 — T1Yy3) + 3(T1Y2 — T201)
= T1T2Y3 — T1T3Y2 + T2T3Y1 — T2T1Y3 + T3T1Y2 — T3T2Y1
= O’

because the first and fourth, second and fifth, and third and sixth terms, respec-
tively, cancel each other.

» Magnitude and Direction of the Cross Product

Next, we derive a formula for the magnitude of the cross product of two vectors,
and then discuss the direction of the cross product vector in more detail.

THEOREM 4
Let x and y be nonzero vectors in R3. Then,

x>yl = lIxlllyllsin®,

where 6 is the angle between x and y.

We will illustrate Theorem 4 with an example before we present its proof.

EXAMPLE 10

Consider the vectors x = [1,—4,—1] and y = [4,—1,—1], and let 6 represent the
angle between x and y. Then,

cosf = Xy _ ) =1
x|yl v18v/18 2

Therefore, 6 = arccos(3) = % (or 60°), and sinf = @ Hence,

. 3
Ix|[|ly|l siné = \/18x/18§ —9V3.
However, a brute-force computation of ||x X y|| gives
x>yl = [I[1, =4, =1] x [4, -1, =1]|| = |[[3, =3,15]|| = V243,
which also equals 9v/3. |

Proof of Theorem 4: Let § be the angle between vectors x and y in
R3. Since the angle between vectors is always between 0 and 7, we have sinf > 0.
Therefore,

x>yl = [x[l[lyllsin®

is true if and only if
I % y[|* = ||x[*[ly|* sin* 6,

holds, since all terms involved are nonnegative. But,

<[l [I* (1 — cos® 6)

<l (1[I (1 - <W)2>

Il [ly1I* = (- y)*.

I5¢/[[|[[? sin® 0

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
© ELSEVIER 2016 — ALL RIGHTS RESERVED.



11
Hence, it is enough to show that
Ixxyl* = lIxI*llyll* - (x-¥)*
Letting x = [21, 22, x3), and y = [y1, Y2, y3], a lengthy computation shows that both
sides are equal to

23y3 + wiys + 23yt + 2393 + 237 + 23Y5 — 23101y — 2T1T3Y1Y3 — 2T2T3Y0Ys,

and we are done. QED

The following corollary of Theorem 4 gives an alternate test for parallel vectors
in R?, since it states that two nonzero vectors are parallel if and only if their cross
product is zero. You are asked to prove this result in Exercise 14.

COROLLARY 5
Let x and y be nonzero vectors in R3. Then, x x y = 0 if and only if y = ax
for some real number a.

Suppose x and y are two nonzero vectors in R3. In Theorem 4 we have a formula
for the magnitude of x X y, and we now turn our attention to the direction of x X y.
If x and y are parallel, Corollary 5 shows us that x x y is the zero vector, and so
it has no direction. If x and y are not parallel, then part (6) of Theorem 3 tells us
that x x y is perpendicular to both x and y. If we use the same initial point for
x and y, then x X y must be perpendicular to the plane which x and y determine.
However, in R3, there are two opposite directions that such a vector might take.
(See Figure 7.)

Figure 7 Two directions perpendicular to both x and y

The Right-Hand Rule indicates the correct choice of direction for the cross
product.

Right-Hand Rule If x and y are non-parallel nonzero vectors in R?,
then the vectors x, y, and x X y (taken in that order) form a
right-handed system.

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
COPYRIGHT (© 2016 ELSEVIER, LTD. ALL RIGHTS RESERVED.



12

An informal definition of a right-handed system can be given as follows: Suppose
x and y are non-parallel nonzero vectors in R3, and z is any vector perpendicular
to both x and y. Then x, y, and z (taken in that order) form a right-handed
system if curling the fingers of your right hand from the vector x toward the vector
y makes your thumb point in the direction of z (see Figure 8).> The Right-Hand
Rule therefore states that x X y must point in the direction that makes the vectors
X, y,and x X y (taken in that order) form a right-handed system.

Figure 8 A right-handed system

We cannot give a proof of the Right-Hand Rule as a formal theorem since we
have only informally defined what it means for a system to be right-handed. Our
definition involves concepts we have not made mathematically precise here, such as
“curling the fingers” from one vector to another (or, in the footnote, “looking down
at the plane” from a particular side), which are beyond the scope of this section.

» Finding Equations for Lines and Planes Using the Cross Product

We now present several ways in which the cross product can be used to discover
additional information about lines and planes.

Plane determined by three noncollinear points. As mentioned earlier,
any three noncollinear points determine a unique plane. To find the equation of
the plane, we first use the cross product to obtain the normal vector for the plane.
We illustrate this method with an example.

ExXAMPLE 11

Let P be the plane in R? containing the points P, = (1,3, -2), P, = (3, -4, —1),
and P; = (4,—1,—-3). We will find an equation for P. First, note that any vector
which has both its initial and terminal points in P lies entirely in that plane.

2A slightly more formal way to define a right-handed system is as follows: Assume x and y
are non-parallel nonzero vectors in R3 with the same initial point, and that z is perpendicular to
both x and y. Then x,y,z (taken in that order) forms a right-handed system if, looking down at
the plane formed by x and y from the direction in which z points, the angle from x to y in the
counterclockwise direction has measure between 0 and .
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Therefore, the vectors v = [2,—1, 1] (initial point P, terminal point P,) and w =
[3,2,—1] (initial point P;, terminal point Ps) each lie entirely in P. Hence, the
vector n = v x w = [2,—1,1] x [3,2,-1] = [-1,5,7] is perpendicular to both v
and w. Using n = [—1,5,7] as a normal vector for P together with either Py, P,
or P3 in Theorem 2 produces the equation —x 4 5y + 7z = —30 for P. (See Figure
9, where the vector n is drawn with P; as its initial point.) |

Figure 9 Normal vector n = v x w for the plane P in Example 11

Plane determined by two distinct, intersecting lines. Two distinct in-
tersecting lines determine a unique plane. If we take the cross product of a vector
in the direction of the first line with a vector in the direction of the other line, we
will obtain a normal vector for that plane.

EXAMPLE 12

Consider the distinct, intersecting lines /1 and Il from Example 4 above. We have

ly: =8—-5¢t, y=—-3+2t, z=—-T+7t, wheret e R,
and lo: x=6+3s, y=—-2—3s, z=2+2s, where s € R.

A vector in the direction of I3 is [-5,2,7] (why?), and a vector in the direction
of I is [3,—1,2]. Therefore, a vector normal to the plane determined by these
lines is [—5,2,7] x [3,—1,2] = [11, 31, —1]. Now, in Example 4, we found (3, —1,0)
to be an intersection point of I; and ls. Using this point (although any point on
either I; or [y could be used instead) together with the normal vector, we obtain
11z + 31y — z = 2 as the equation of the plane (see Figure 10). |

Line formed by two distinct, intersecting planes. Two non-parallel planes
in R3 intersect along a line. To find parametric equations for this line, we must first
find a vector in the direction of the line. Now, since the line lies in both planes, this
direction vector will be parallel to both planes, and hence, this direction vector is
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Figure 10 Plane determined by lines [; and ly in Examples 4 and 12

perpendicular to normal vectors for each of the planes. Thus, the cross product of
these normal vectors gives a direction vector for the line.

EXAMPLE 13

Consider the planes P and Q in R? satisfying the equations 3z — 2y 4+ z = 2 and
dx +y— Tz = —12, respectively. Normal vectors for these planes are vi = [3, —2, 1]
and vo = [4,1,—7], respectively. Since the normal vectors are not parallel, the
planes themselves will also not be parallel, and so they intersect along a line, [. A
direction vector w for [ is given by

w=vixvy = [3,-21] x [4,1,-7] = [13,25,11].

Next, we need to find a point on [. To do this, we choose an arbitrary value for
z, say z = 0, and plug it into the equations for P and Q, yielding

3z — 2y = 2

do + y = —12°
Solving the first of these for y produces y = %(Sx — 2). We plug this into the
second equation to obtain 4x + %(3x—2) =—-12, or %x = —11. This gives z = —2.

Substituting —2 for z iny = %(3%‘—2) gives us y = —4. Hence, the point (-2, —4,0)
satisfies the equations for both P and Q, giving us a point on [.> Using this point
together with the direction vector w above, we obtain the following parametric
equations for [:

r=-24+13t, y=-4+25, =z=11t.

31n this case, the choice z = 0 led to a point on the line I. However, choosing a particular value
for one of the variables may sometimes lead to an inconsistent system in the other variables — for
example, if the line [ is perpendicular to one of the axes. In such a case, choose a particular value
for a different variable instead.
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» Calculating Shortest Distances using the Cross Product

Shortest distance from a point to a line. Let ! be a line passing through
Py = (x0, Y0, 20) with direction vector v = [a,b, ], and let P, = (x1,91,21) be a
point not on I. Let w = [(z1 — z0), (y1 — ¥o), (21 — 20)] be the vector with initial
point Py and terminal point P;. Our goal is to calculate the shortest distance from
Py to . Using trigonometry (see Figure 11), we find that the desired distance equals

|w] sin @, where 6 is the angle between v and w.* Now, Theorem 4 tells us that
— lvxw]
=TV

||w|| sin & , so we have the following result:

v=la, b, c]

)

— Y

—

Py = (xo, Yo, 20)

Shortest distance
i from P tol

w = [X1-Xo, ¥1-Vo, Z1-Z0]

Pi=(x1,y1,21)

Figure 11 Shortest distance from a point (x1,¥1,21) to the line through Py =
(0, Yo, 20) with direction vector v = [a, b, (]

THEOREM 6
Let I be the line through (zg, yo, z0) with direction vector [a,b, ¢], and let P, =
(21,y1,21) be any point. Then the shortest distance from P to [ equals

| la,b,c] x [x1 — 20, Y1 — Yo, 21 — 20]||

vaZ +b? + 2

ExaMPLE 14

Let I be the line with parametric equations
r=3-3t, y=>5, z=21

Notice that P = (1,91, 21) = (1, —3,2) is not on . We will calculate the shortest
distance from P; to [. Now, from the parametric equations for [, we see that one
point on [ is Py = (x0, Y0, 20) = (3,5,0), and a direction vector for [ is [—3,0, 2].

Since [z1 — xg, Y1 — Yo, 21 — 20] = [—2, —8, 2], the shortest distance from P; to [ is
given by
||[_3ﬂ 0, 2] X [_2> -3, 2]” _ ”[16> 2, 24]” _ v 836 ~ 8.02

(—3)2 402 + 22 V13 V13
[ |

Shortest distance from a point to a plane. Let P be a plane with equation
ax + by + cz = d, and let P, = (x1, 1, 21) be any point not in P. We want to find
the shortest distance from P; to P. To do this, we must find the distance between
P, and the nearest point to P, on P. We take advantage of the fact that the vector

4The distance is still ||w|| sin@ even if v is pointing in the direction opposite to that shown in
Figure 11, since supplementary angles produce the same value for the sine.
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to P; from its nearest point in the plane is perpendicular to P, and hence is parallel
to [a,b, c], a normal vector to P.

To begin, we first choose an arbitrary point Py = (¢, 4o, 20) in the plane, and
find the vector v from Fy to P;. Then, the projection vector p of v onto the normal
vector [a, b, c] gives a vector to P; from its nearest point in the plane (see Figure
12). The length of p then gives the shortest distance between the plane P and P;.
In Exercise 22 you will be asked to show that these steps produce the formula given
in the next theorem. (Note that this formula does not directly require the cross
product assuming that a normal vector for the plane is known.)

Py =(x1,y1,21)

|lpll = Length of projection

v = [x1-X0, Y1-Y0, Z1-Z0] of v onto [a, b, c]

Normal
vector
|_ [Cl, b’ C]

Plane ax+by+cz=d

Py = (x0, y0, 20)

Figure 12 Shortest distance from the point (z1,y1, 21) to the plane ax + by +cz = d

THEOREM 7
Let ax 4 by + cz = d be the equation of a plane P. Then, the shortest distance
from any point P; = (x1,y1,21) to P is given by

|CLI1 + byl “+cz1 — d‘

ExXAMPLE 15 The shortest distance from the point (2,1, —3) to the plane 3z +y — z = 8 is

3-2+1-1+(-1) - (-3)-8 2 _ 2V/11

= ~ 0.603.
32+ 12 + (—1)2 Vit 1

In Exercise 23, the cross product is used to give an analogous formula for the
shortest distance between two (non-intersecting) lines. Exercise 24 discusses the
shortest distance between two parallel planes.

» Applications of the Cross Product in Geometry and Physics

The cross product can also be used to find areas and volumes. A formula to
determine the area of the unique triangle determined by three distinct points in R3
is presented in Exercise 25 using the cross product. (In Section 3.1 of the text we
use other methods in linear algebra to determine various areas and volumes.)
There are many uses of the cross product in physics. For example, angular
momentum, torque, and Lorentz force are all defined in terms of the cross product.
The cross product is also used in Maxwell’s Equations, which are the fundamental
laws governing the behavior of electromagnetic fields. To conclude this section, we
illustrate how the cross product is used to relate velocity and angular velocity.
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Suppose an object travels in a circular path (orbit). Choose a fixed point P on
the axis of rotation of the object, and let r represent the position vector from P
(initial point) to the current location (terminal point) of the object along the orbit.
Suppose v is the (regular) velocity vector of the object. Then v is perpendicular
to r; that is, v is tangent to the circle at that object. Notice that as the object
proceeds along its orbit, for any given period of time, there is a corresponding
central angle of the circle that is swept out. In physics, the angular velocity w of
the object is represented by a vector whose magnitude is the amount of the central
angle (in radians) of the circle that is traversed per second (or other appropriate
unit of time), and whose direction is perpendicular to the plane of rotation (that
is, parallel to the axis of rotation). Now, there are two opposite possibilities for
the direction of w, but in accordance with the Right-Hand Rule, we determine the
direction from which the orbital motion of the object appears counterclockwise, and
then always choose positive angular velocity to be in that direction. Notice also that
since v lies in the plane of the circle, v is perpendicular to w. Then, the following
law of physics holds:

V=wWXTr

This rule allows us to find the velocity of an object traveling in a circular motion
if we know its angular velocity, as in the next example.

EXAMPLE 16

A small weight is attached to one end of a steel rod three meters long. The other
end of the rod is secured at the origin of a coordinate system (see Figure 13). The
rod pivots around the z-axis in a clockwise direction (as seen from above the z-
axis), and makes one revolution every eight seconds. Hence the weight travels in a
clockwise circular path about the z-axis. We will find the velocity vector and the
speed of the weight at the point (—1,2,—2). We let r represent the vector from the
origin (the rod’s fixed point) to the weight; that is, r = [—1,2, —2].

From the discussion above, the vector w describing the angular velocity for the
rotation of the weight about the rod must point along the z-axis in the negative
direction, since the z-axis is the axis of rotation, and the rotation is clockwise. (That
is, from “below” the xy-plane, the rotation will appear to be counterclockwise.)
Since one revolution takes eight seconds, we see that w = [0,0, —%L measured in
radians per second (why?). Thus, the velocity vector of the weight at the point
(—1,2,-2) is

™ ™ ™
V=wXr = |:070’_Zj| X [_172a_2] - I:_§a_Za0:| .

The speed of the weight is ||v] = ”T‘/g ~ 1.756 m/sec. |

ExaMPLE 17

The Earth revolves around the Sun in an orbit that is elliptical, but almost circular.
The radius of this “circle” is approximately 92,900,000 miles, and so the length
of the Earth’s orbit is about 584,000,000 miles. Since the Earth completes one
circuit in approximately 365% days, or 8766 hours,” the Earth’s average speed is
about 66,600 miles per hour. For any given position of the Earth along its orbit, we
can find its velocity vector v, which will give us both the magnitude and direction
for the Earth’s movement at that position.

We set up a coordinate system with the Sun at the origin and the Earth’s orbit
in the zy-plane. The z-axis is chosen in the direction perpendicular to the plane
of the orbit so that when we observe the orbital plane “from above,” the Earth
is traveling in a counterclockwise direction around the axis (see Figure 14). This
means the angular velocity vector w for the revolution of the Earth about the Sun

5Except for the number of hours, we are generally rounding all values to three significant figures
in this example.
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Figure 13 Path of weight attached to rod and revolving around z-axis

points in the direction of the positive z-axis. If we measure w in radians per hour,
2
then w = [0,0, 5255] = [0,0, 53]
Suppose the current position of the Earth is given approximately by the vector
r = [43600000, 82000000, 0], whose initial point is assumed to be at the origin.

(Note that ||r|| & 92,900, 000.) Then the current velocity vector v of the Earth is

v = {o,o,-ﬁl—] % [43600000, 82000000, 0]

4383
_ [ 820000007 43600000
o 4383 7 4383 |’

which is approximately [—58800, 31300, 0]. Notice that ||v|| ~ 66,600 mi/hr, as
expected. |

» New Vocabulary

angle between two intersecting lines

angle between two intersecting planes
angular velocity

anti-commutative property for cross product
cancellation property for cross product

cross product of vectors

distributive law of cross product over addition
equation of a plane

exchange property of cross and dot product
normal vector to a plane

orthogonality property for cross product
parameter

parametric equations for a line
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P

Sun

>y

Earth

Figure 14  Orbit of the Earth

Right-Hand Rule

right-handed system

scalar associative law for cross product

skew lines

symmetric equations for a line (see Exercise 4)
zero property for cross product

For a line [ in R? passing through (x¢,yo, 20) in the direction of [a, b, ], the
points (z,y, z) on [ are precisely those which satisfy the parametric equations
T = xo+at, y =1yo+bt, and z = zy + ct, where t represents a real parameter.

If [; and Iy are two intersecting lines, and v, w are vectors in the directions
of I and s, respectively, then the angle 6 between [; and I3 is the minimum
angle (i.e., the angle 6 that is < 90° = 7 radians) between v and w.

For the plane P in R? passing through the point (¢, %o, 20) and having normal
vector [a, b, ¢, the points (x,y,2) on P are precisely those which satisfy the
equation ax + by + cz = axg + byo + c2p-

If P, and P, are two intersecting planes, and ny, n, are normal vectors for
P1 and Po, respectively, then the angle 8 between P; and Ps is the minimum
angle (i.e., the angle 6 that is < 90° = 7 radians) between n; and ns.

The cross product, x x y, of vectors x = [x1, 72, 23] and y = [y1, Y2, y3] in R?
is [(zoys — x3y2), (T3y1 —21¥y3), (T1y2 — T2y1)]-

Basic properties of the cross product for all vectors z, 3, z in R® and scalars a,
include the following: anti-commutative: x Xy = —(y X x); scalar associative:
(ax) x y = x x (ay) = a(x X y); zero: x X 0 = 0 x x = 0; cancellation:
x X x = 0; distributive: x X (y +z) = (x X y) + (x X z); orthogonal:
X-(xxy)=y- (xxy)=0;exchange: (x Xy) -z=x-(y X z).

The magnitude of the cross product of two vectors x and y in R? is given by
Ix x y|| = [Ix|llly] sin @, where @ is the angle between x and y.

Two nonzero vectors X and y in R3 are parallel if and only if x x y = 0.
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* a)

The direction of the cross product of two vectors x and y in R? is the direction
determined by the Right-Hand Rule; that is, the direction that makes the
vectors X, y,and x X y (taken in that order) form a right-handed system.

If P is a plane containing three noncollinear points Py, P5, Ps, and v is the
vector from P; to P>, and w is the vector from P; to Ps, then the cross
product v X w is a normal vector to P.

If I; and [ are two distinct, intersecting lines, having direction vectors v and
w, respectively, and P is a plane containing [; and ls, then the cross product
v X W is a normal vector to P.

If P; and P, are two distinct, intersecting planes, having normal vectors n;
and njy, respectively, and [ is the line formed by the intersection of P; and
P, then the cross product n; X nsy is a direction vector for .

The shortest distance from the point P; = (21,91, 21) to the line I through
(20, Yo, 20) with direction vector [a, b, ] is given by

H [aaba C] X [xl — Zo, Y1 — Yo, 21 — ZO] H

va? + b2 + 2

The shortest distance from the point Py = (x1,y1, 21) to the plane ax + by +
cz = d is given by
lazy + byy + cz1 — d|

1/61,24,1)24,62

The angular velocity w of an object traveling in a circle is a vector whose
magnitude is the measure of the central angle (in radians) traversed per sec-
ond, and whose direction is parallel to the axis of rotation so that the orbital
motion of the object appears counterclockwise from that direction. If v is
the velocity of the object, and r is the position vector of the object from the
center of the circle, then v = w X r.

1. Find parametric equations for the line in R3 having the given properties:

% a) passing through (3,—1,0), and in the direction [0, 1, —4].

b) passing through )2, 8) and in the direction [—2, —3,0].

(
(—4

% c) passing through (6,2,1) and (4, —3,7).
(

d) passing through (4, —2,9) and (3, —2,15).

% e) passing through (1,—5,—7), and parallel to the line with parametric

equations x =5 —-2t, y=7+1¢, 2 =9.

f) passing through (—2,0,—5), and parallel to the line with parametric
equations x = -3t +4, y=4t -2, 2 = —t — 1.

2. Determine whether the two given lines intersect. If they do, find the point(s)

of intersection.
li: z=-6+4+6t, y=3-—2t, z=6+t
lo: =94 3s, y=13+4s, z=1-2s

li: =842, y=-5—t, z=10—4t

b
) lo: x=T7-—s, y=1+46s, z=05—1>5s
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* ©) li:  x=4—6t, y =05+ 9¢, z=6-—3t

lo: z=8—-4s, y=-146s, 2=9-2s

d) li: =543, y=12-2t, 2z2=5+4Tt
lor z=3-5s, y=11+s, z=06—s

li: x=4t—7, y=3t+2, z=t—25

* e) lor =8s—-19, y=6s—7, 2=2s5s—8
f) li: xz=3t—2, y=1t+1, z=2t—7

lo: z=3s+1, y=s+2, z=2s-5
3. Find the angle in each case between the pair of intersecting lines.

li: z=3t—-2, y=t+2, z=3t—8

2) lo: x=4s—-7, y=6s—9, 2z=7-—0s
li: =93t y=1, z=4t+1
b
* b) lo: z=3-3s, y=5bs—4, 2z=4s+9
0 li: x=1-Tt, y = Tt, z=>5—8t
lo: x=5s—4, y=4s—4, z=16—11s
d) li: z=t+1, y=—4t+5 z=—-t+1

lo: xz=-bs+1, y=>5s+2, z:2s—|—%

4. a) Suppose that [ is the line given in parametric form as: =z = z¢ + at,
y =1y + bt, and z = zg + ct. Show that if a, b, and ¢ are nonzero, then
[ can be expressed in the form

T—%g  Y—Y 22— %0
a b c

These equations, taken together, are known as the symmetric equa-
tions of the line [. (Hint: There are two parts to the proof: First, show
that if a point lies on [, then it satisfies the symmetric equations for the
line [. Then, show that if a point satisfies the symmetric equations for
[, then that point lies on [.)

% b) Use part (a) to state the symmetric equations for the line in part (c) of
Exercise 1.

c) Use part (a) to state the symmetric equations for the line in part (f) of
Exercise 1.

5. Find the equation for the given plane in R3.
% a) The plane passing through (1,7, —2) having normal vector [6, 1, 6].
b) The plane passing through (0, —1, 1) having normal vector (7,3, —3].
c) The plane passing through (—3,5, 4) having normal vector [9, 0, —2].
% d) The zy-plane.
e) The yz-plane.

6. Find a unit normal vector for each of the following planes.

* a)2r—y+2z="7
b) x +4y — 8z = -5
c) dr -2y —z=-1

7. In each case, calculate the angle between the two given intersecting planes:
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% a) 7z — Ty —8z =42 and 4z 4 5y — 11z = 23.
b) 4z — 3y + 5z = 19 and 4z — 3y = 48.
c) 3z — 6y —2z =9 and 8z + 5y — 3z = T2.

8. Calculate each of the following.

* a) [1,2,—1] x [3,7,0]
b) [2,—1,0] x [1,—3,-2]
c) ([1,1,0] x [0,1,—1]) x [1,2,1]
d) [1,1,0] x ([0,1,—1] x [1,2,1])

[

e) 3,—4,1] x [~6,8,—2] (Think!)

) [3,1,2] x [3,1,2]

* g) [1,2,-3] - ([2,0,—1] x [~1,2,0])

h) [2,-5,—1] - ([2,—5,—1] x [-3,4,2])

9. Let x, y, and z be vectors in R?, and let a be any real number. Prove the
following properties of the cross product stated in Theorem 3.

a) (ax) xy = x x (ay)
b) (ax) x y = a(x x y)

) xx0=0

d) xxx =0

e) xx (y+z) = (xxy)+(xxz)
)y (xxy)=0

g) (xxy) z=x-(yxz)

10. For vectors x, y, and z in R?, explain why it is possible to calculate x - (y x z),
while the expression (x-y) x z does not make sense.

11. Find vectors x, y, and z in R3 such that

(xxy)xz # xx(yx2z).
(This shows that there is no associative law for the cross product.)
12. Suppose that x, y, z, and w are vectors in R3. Prove:
a) (xx(yxz)+ (yx(zxx))+ (zx(xxy)) =0
b) (xxy) - (zxw) = (x-2)(y-w)—(x-w)(y-2)
e) x x y|* + (x-y)* =1Ix|* Iy
13. Let x = [5,—37,—8] and y = [—28,—25,7].

a) Use the dot product to find the angle 6 between x and y.

b) Using your answer to part (a), verify that Theorem 4 holds for the given
vectors x and y.

14. The two parts of this exercise taken together prove Corollary 5. Suppose that
x and y are nonzero vectors in R3.

a) Prove that if x x y = 0, then x and y are parallel. (Hint: Use Theorem
4.)
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b) Prove that if x and y are parallel, then x x y = 0.

15. In each case, find the equation of the plane containing the given points.

* a) (1,3,0), (—1,4,1), and (3,2,2)
b) (=2,7,7), (5,—2, —4), and (—3,4,6)
c) (5,2,2), (3,2,—1), and (8,2,9)
d) (=2,5,0), (—3,—1,4), and (0,—2,6)

16. Explain what would happen if you attempted to use the technique illustrated
in Example 11 to find the equation of a plane passing through three given
points in the case where the three points are collinear. Provide an example
with your explanation.

17. In each of parts (a) through (d) of Exercise 3 above, find the equation of the
plane determined by the two given intersecting lines.

18. In each part, equations are given for a pair of planes in R®. Determine whether
these planes intersect, and if they do, give parametric equations for the line
of intersection.

a) 2z —y+2=9; 8x+2y+2=27

b) 3z +4y—2=5; 92+ 12y —32 =10
* ¢c)x+z=6; y+z=19

d) y=16; =z — 122 =32

19. Find the shortest distance from the given point P to the line [.

* a) P=(3,-1,2); ha=4—-2t,y=t—1,2=5+2¢

b) P =(0,5,4); La=2t—1,y=5—9¢ 2z =06t

c) P=(3,1,-6); La=3-2t,y=—t, z=1—-38

d) P=(5-22); La=-9t+1,y=—6t—5 z=—2t—3

20. Explain why the formula in Theorem 6 still gives the correct answer if the
given point P; is actually on the line .

21. Determine the shortest distance from the given point to the given plane.

% a) Point: (5,2,0); plane having equation: 2z —y — 2z = 12
b) Point: (3,1, 1); plane having equation: 12z — 5z = —8

% c) Point: (5 0, —3); plane passing through (3,1,5), (1,—1,2), and (4,3,5)
d) Point: (2,3, —1); plane passing through (3, -1, —1), (1,1,1), and (5,1, —2

22. Finish the argument in the text needed to prove that the formula for the
shortest distance between a point and a plane in R? given in Theorem 7 is
correct.

23. (Shortest distance between two non-parallel lines.) If I; and Iy are
non-parallel lines, with direction vectors [a1, b1, 1] and [az, ba, ¢a] respectively,
and passing through (x1,y1, 21) and (x2, y2, 22) respectively, then the shortest
distance from [y to Iy equals

(v w)|
gl

where v = [ay, b1, ¢1] X [ag, ba, o], and w = [z3 — x1, y2 —y1, 22 — 21]. (Since
I; and I3 are not parallel, v # 0 by Exercise 14.) Using this formula, calculate
the shortest distance between the two given lines in each case below.
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24,

25.

li: x=5-2t, y=3+4+2t, z=t-1

* a) lo: x=2, y=5+s, z=4s
b) li: z=3-2t, y=-4+t, 2z=1+3t
lor z=-2+4s, y=3s—1, z=—4s+3
li: z=3-Tt, y=1+4t, z=-8
* <) ly: r=—-1—-s, y=3s—4, z=1-3s
(Shortest distance between parallel planes.) We can derive a formula

for the distance between two parallel planes as follows: Any two parallel planes
have the same normal vector, say, [a, b, ¢|. Then equations for the planes then
have the form ax 4+ by + cz = d; and ax + by 4+ cz = do. The shortest distance
between the planes is easily found by taking any point on the first plane, say
(21,91, z1) and then using Theorem 7 to find the shortest distance from that
point to the second plane. This leads to the formula

|a$1+by1+62’1*d2| _ |d1*d2|
Va? +b? + c? Vva? +b? 4 c?

for the shortest distance between the planes. Use this formula to find the
shortest distance between the following pairs of parallel planes:

% a)dz—y+42=10; 3z —y+4z=7

b) x —2y+52=-3; v —2y+52=6

% c) dx + 6y — 82 =9; 6z + 9y — 122 = —5 (Hint: Use the same form for

both planes.)

d) 10z — 25y + 20z = 4; 8x — 20y + 16z = 11 (Hint: Use the same form for
both planes.)

(Area of a triangle.) Let (z1,y1,21), (22,¥2,22), and (z3,¥s, 23) be three
given points in R3. Then the area of the triangle determined by these points
equals

%H [T2 — 21, Y2 — Y1, 22 — 21] X [23 — 21, Y3 — Y1, 23 — 21] ||

Using this formula, find the area of the triangle having the given vertices in
each case:

* a) (2,—-1,0), (3,0,1), and (2,2,7).

b) (1,0,2), (2,3,4), and (0,1, 2).

26. Show that all of the points P; = (2,1,-3), P, = (3,1,—4), P3; = (5,2,-5),

Py =(5,3,—4) and P5; = (4,3, —3) are in the same plane. Assuming that the
figure P, P> P3P, Ps having these points as vertices is a convex pentagon, find
the area of that figure. (Hint: Break the figure into triangles and use Exercise
25.)

[Note: The five points here, taken in the given order, do, in fact, form a
convex pentagon. This can be checked by examining each of the ten possible
triangles P;P; P, (with ¢ < j < k) that are formed using any three of these five
vertices. Now, for each such triangle P; P; Py, the cross product of the vector
P; P; and the vector P; P, is certainly normal to the common plane containing
all five points, but there are potentially two possible directions for each cross
product. However, for this pentagonal figure, each of these ten cross products
points in the same direction (they are all positive multiples of [1,—1,1]). Tt
can be shown that in such a case, none of the segments connecting a pair of
vertices falls outside the figure. Thus, the given pentagon is convex.]
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27. Prove that the formula given in Exercise 25 for the area of a triangle is correct.
(Hints: Let Py, P», and Pj represent the three points, respectively. Consider
the side P, P as the base of the triangle. The height is then the perpendicular
distance from the point P3 to the line containing P; P,. Use the formula in
Theorem 6 for the shortest distance between a point and a line to get the
height of the triangle.)

28. If the three given points in the formula in Exercise 25 are collinear, show that
the area of the corresponding triangle is zero. (Hint: Notice that the vectors
[€2 — 21, Y2 — Y1, 22 — 21| and [x3 — 21, y3 — Y1, 23 — 21] are scalar multiples
of each other when the given points are collinear.)

29. Suppose a weight is attached to one end of an inflexible spinning rod, whose
other end is fixed at the origin (as in Example 16), so that the motion of the
weight is circular. Find the velocity vector and speed of the weight at the
given point in each case.

% a) Point (6,3, —2) (measured in feet), where the rod makes one counter-
clockwise revolution about the z-axis every 12 seconds

b) Point (9, —12,8) (measured in feet), where the rod makes one counter-
clockwise revolution about the z-axis every 2 seconds

30. The planet Mars revolves around the Sun in an orbit that is elliptical, but
almost circular. The radius of this “circle” is approximately 141,600,000
miles. Mars completes one revolution about the Sun in approximately 1.88
years (assuming 3654 days per year). Consider a coordinate system with the
Sun at the origin and the orbit of Mars in the xy-plane. Assume the z-axis
is chosen perpendicular to the plane of the orbit so that when when observed
“from above,” Mars is traveling in a counterclockwise direction around the
axis. Calculate the angular velocity vector w for the revolution of Mars about
the Sun, and then use w to find the velocity vector v and the speed ||v|| in
radians per hour, if the current position of Mars is given (approximately) by
the vector r = [85210000, 113100000, 0], whose initial point is assumed to be
at the origin. (Note that ||r| = 141, 600, 000.)

31. Consider a coordinate system with the origin at the center of the Earth and
z-axis running (in the positive direction) through the North Pole (see Figure
15). The Earth rotates around the z-axis once every 24 hours in the counter-
clockwise direction as viewed from a point above the North Pole. The Earth’s
radius is approximately 6369 km. Let (6369,0,0) represent the point where
the Equator meets the Prime Meridian (which passes through Greenwich,
England). Consider the point (4246,4246,2123) (measured in km) on the
Earth’s surface. (This location is in the South Arabian peninsula.) Calculate
the angular velocity w at this point, and then use w to find the velocity vector
v and the speed ||v|| in km/sec at that point.

32. The latitude of a location on the Earth’s surface is determined by drawing a
line from that location to the center of the Earth and measuring the angle
between that line and the plane of the Equator. It is typically measured in
degrees rather than radians. For example, a point on the Equator is at 0°
latitude, the North Pole is at 90° latitude, and a point halfway between them
would have 45° latitude.

% a) Given the latitude, 0, of a location on the surface of the Earth, use the
coordinate system for the Earth and the information given in Exercise 31
to calculate the magnitude of the velocity at that point due to the Earth’s
rotation. (Hint: Show that the a- and y-coordinates of any point on the
Earth’s surface at latitude 6 have the property z2 + y? = (6369 cos §)2.)
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b) Find the latitude of Philadelphia, PA (USA), and calculate the magni-
tude of the velocity due to the Earth’s rotation there.

Figure 15 The Earth rotating about the z-axis

% 33. True or False:

a) There is a unique direction vector for any line in R3.
b) The angle between two distinct non-parallel lines in R? is always defined.

c) The angle between two distinct non-parallel planes in R? is always de-
fined.

d) A normal vector to the plane ax + by + ¢ =d is [—a, —b, —¢].
e) For all vectors x, y, z in R3, (x+y) xz= (x X z)+ (y X ).
f) For all vectors x, y, zin R3, y - (zxx) = (y X z) - x.

g) If x and y are parallel vectors in R?, then x x y # 0.

h) If 4 is the angle between two nonzero vectors x and y, then

sin€ = [lx < yl| /(][ [ly]])-

i) kxi=ixk

j) The vectors x x y, x and y, taken in that order, form a right-handed
system.

k) The shortest distance from a point P to a plane P can be found by
taking any vector v from a point of P to P, and then calculating the
length of the projection of v onto a normal vector for P.

1) If an object travels in a circular path, its angular velocity is equal to the
cross product of its velocity and its position vector from the center of
the circle.

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
© ELSEVIER 2016 — ALL RIGHTS RESERVED.



27

» Answers to Selected Exercises

(1)

(a) =3, y=—-1+4+t, z=—4t (t €R)

(c) x=6-2t, y=2-"5t, 2=1+6t (t €R).
(Another valid form: x =4 +2t, y=-3+5t, 2=7—6t (t € R))

e) x=1-2t, y=-5+1t, z=-7 (t €R)
a) The lines intersect at a single point: (0, 1,7).
The lines are identical, so the intersection of the lines is the set of all

points on (either) line; that is, the intersection consists of all points on
thelinex =4t -7, y=3t+2, z=t—-5 (t € R).

e

(
(
(
(

)
)

¢) The lines do not intersect.
)

(b) 0 =45°

(b) 258 = &2 = 271 (Another valid form: £34 = 432 — 2=T)
(a) 6z +y+62=1 (d) 2=0

(a) [5.—35:3]

(a) 6 =060°

(a) [7, -3, 1] (g) -8

(a) v +2y=7

(b) 42 432 =139
(c)x=6—-t, y=19—1t, z=t (t €R)

(a) ¥ ~2.867

—
&
~~—
Wl

(c) & ~4.429

V13
(¢) 0 (The lines intersect at (—4,5,—8).)

(a) 3¥26 ~0.588 (c) 3T¥29 ~ 1.145

(a) Y& ~ 4.301

(a) velocity =[5, 7, 0] ft/sec; speed = ”T‘/g ~ 3.512 ft/sec

(a) |lv]l = 83892 cos § ~ 0.4632 cos  km/sec

(a) F () T () T (g) F (i) F (k) T
(b) F (d) T (f) T (h) T G T () F
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Change of Variables and the
Jacobian

Prerequisite: Section 3.1, Introduction to Determinants

In this section, we show how the determinant of a matrix is used to perform a
change of variables in a double or triple integral. This technique generalizes to a
change of variables in higher dimensions as well. Although the prerequisite for this
section is listed as Section 3.1, we will also need the fact that |A| = |AT| from
Section 3.3.

» Substitution in One Variable

The following example serves to recall the method of integration by substitution
from calculus:

ExaAMPLE 1

To compute f15 V3x + 1dz, we first make the substitution u = 3z + 1. Then du =
3dx, and so

5 5 16
/ V3z+1de = %/ V3z+1(3de) =% [ Vudu
1 1 4
9 %16

1243 = 2(16% —42) = 2(64 — 8) = 112,

Note the factor of 3 in du = 3dz. This indicates that the variable u covers 3 units
of distance for each single unit of z. (It is as if u is measured in feet, while z is
measured in yards.) Note that the length of the z-interval is only 4 units (from 1
to 5), while the length of the u-interval is 12 units (from 4 to 16). The factor of 3
in the du term compensates for this change. |

In Example 1, the substitution variable w is a linear function of z, and so the
change in units is constant throughout the given interval. In the next example,
however, the substitution is non-linear.

EXAMPLE 2

Consider ff (xf%)?dm. Let u = 2% + 1. Then du = 2z dx. The integral is then

calculated as
/2 2x 5 du 1
——dx = — = —
1 (2241)2 9 u? u

The factor 2z in du = 2z dx indicates that the unit conversion from x to u is not
constant. As the z-interval [1,2] is stretched into the u-interval [2, 5], the stretching
is done unevenly. For example, at © = 1, the scaling factor 2z = 2(1) = 2, and so
at this point, the length of a u-unit is 2 times smaller than the length of an z-unit.
However, at x = 1.5, the scaling factor 2z = 2(1.5) = 3, and so at this point, a
u-unit is 3 times smaller than an z-unit.

In particular, the z-interval [1.5, 1.51] (of length 0.01) is mapped to the u-interval
[3.25,3.2801] (having length 0.0301). That is, the u-interval is approximately 3
times as long, because the scaling factor is 3 at « = 1.5. The error in using 3 as
the scaling factor in this case is 0.0001, or 0.33%. As the length of the x-interval
approaches 0, as it would in computing Riemann sums for integrals, the percent
error in the scaling factor also approaches 0. |

In general, since % is the rate of change of u with respect to x, its presence in the

formula du = % dx keeps track of the amount of stretching involved in converting

from z-coordinates to u-coordinates. Thus, g—g is the desired scaling factor for a

change of variable in single-variable integration.

2
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» Double Integrals

We now consider the analogous situation using two variables.

EXAMPLE 3

The area of the parallelogram P indicated in Figure 1 is given by the following
double integral:
Area = //1d:rdy.
P

Converting this double integral into an iterated integral would be tedious. However,

we can compute the area of P using Theorem 3.1. The vectors wy = [2,1] and
wo = [—1, 1] correspond to the sides of P, and so
21
area of P = absolute value of 117 |2 —(-1)] =3.

We now examine the effect of a change of variables on the area. Since the sides
of P are the vectors w; and wy, we first create new variables u and v to satisfy the
equation

[z,y] = uwy + owa + [1,1] = u[2,1] + v][-1,1] 4+ [1, 1];

that is, = 2u — v+ 1, y = u+ v + 1. Then, (z,y) vertices correspond to (u,v)
vertices as follows:

Thus, in converting to the (u,v) coordinate system, the parallelogram P is mapped
to the unit square S shown in Figure 2. Therefore, it follows that

//1dudv:area0fS:1.
S

Since the parallelogram P does not have area 1, we must be missing a scaling factor
of the type seen in the single variable case. Note that the scaling factor must be
constant in this case, as in Example 1, because the change of coordinates involves
only linear functions. Since the area of P = 3(area of S), the scaling factor must
be precisely 3. [ |

2,3

©.2)

Figure 1: The parallelogram in the (z,y) system with vertices
(1,1),(0,2),(3,2),(2,3)
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0, 1) (51

Figure 2: The square in the (u, v) system with vertices (0, 0), (0, 1), (1,0), (1,1)

Note in Example 3 that we can work backwards to compute the vectors wy and

wy from the formulas for z and y as w; = {%, %ﬂ , and wy = [%, %ﬂ . This
will work in general for all change of variable transformations. The idea behind
this is that a unit rectangle in (u,v) coordinates is mapped to a region in (z,y)
coordinates that is approximated by a parallelogram whose sides are w; and wo,
as in Figure 3. The vectors w; and wo are tangent to the curved boundary of the
actual image of the rectangle under the transformation. But differentiation, along
with finding the tangent direction, also measures the rate of change, and so the
lengths of w; and wo also represent the amount of stretching taking place in each
of these directions. Hence, the scaling factor needed for the change of variable is the
area of this approximating parallelogram, which, by Theorem 3.1, is the absolute

oz Oy
ou Ou
value of
oz Oy
ov  Ov
Yy
!
v’ oy
X EQ’ Au
gﬁ’au]
u pe

Figure 3: Converting a rectangle in (u,v) coordinates to an approximate
parallelogram in (z,y) coordinates

In Section 3.3, it is proved that for any square matrix A, |A| = |AT]|. Hence we
dx Oz

ou  Ov
9y
ou  Ov

could have also found the scaling factor as the absolute value of instead.

or o
ou Ov

ou  Ov

The matrix
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is called the Jacobian matrix of the change of coordinates function { v xEu, v))
Yy =yu,v
We will refer to |J| as the Jacobian determinant. In general, the correct scaling
factor to change an integral [ f(z,y)dz dy over a region R into (u,v) coordinates
R

is the absolute value of the Jacobian determinant, that is, ‘|J |‘ Therefore, if S is

the region in (u,v) coordinates that corresponds to R, then

/R/f(x,y)dmdyz /S/f(x(u,v),y(u’v)) “J” du do.

Just as in the one-variable case, the scaling factor can vary if the change of
coordinates is nonlinear, as we will see shortly.

» Polar Coordinates

The polar coordinate system is frequently used to represent points in 2-dimensional
space. In polar coordinates, each point P = (z,y) in the plane is assigned a pair®
of coordinates (r, 8), where r is the distance from the origin to P, and 6 is the angle
between the positive z-axis and the vector having initial point at the origin and
terminal point P (see Figure 4). In all quadrants, the transformation from polar

. . . T =rcosf
coordinates to standard (rectangular) coordinates is given by { N We
Yy = rsin
can also convert from rectangular coordinates to polar coordinates using
{ 2 =22 4 y?
_y :
tanf = £ (when z # 0)
y y
.= (r,6)
p

&, y)=(r,0) :
P '

! y=rsiné | r
| 1
r | |
' y=rsing !
' I
I |

[ ! ! 0

[ . n i
x=rcosé@ x=rcoséf
Quadrant I Quadrant I1

Figure 4: Relationship between standard coordinates and polar coordinates in
Quadrants I and II

It is useful to express certain double integrals in polar coordinates if the region of
integration (and/or the function involved) has radial or angular symmetry. In these
instances, we need to compute the determinant of the Jacobian matrix in order to

6The assignment of polar coordinates to a given point (z,y) is not unique. For example,

(z,y) = (\/3, 1) in rectangular coordinates can be represented as (r,0) in polar coordinates as
(2,%), (2 BT”), or (-2, %T) In general, (\/§, 1) can be expressed in polar coordinates as (r,6),

where r = :I:\/(\/g)2 +12 =42 and 6 = % + km, where k is an even integer when r is positive,
and k is an odd integer when r is negative.
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include the proper scaling factor when we change coordinates. This determinant is

or oz p "
du 0 cosf —rsin .

I =1 7" =", =rcos?f +rsin®f =r.
9y 9y sinf rcosf
ou Ov

If we are careful to ensure that r > 0, the absolute value of |J| is also 7, and so this
is our scaling factor. Hence,

/R/f(x,y) dr dy = 4[}”(33(7", 0),y(r,0)) rdrdo,

where R* is the region in the polar coordinate system corresponding to R. The
next example illustrates this geometrically.

ExXAMPLE 4

Consider the square S in the (r,0) (polar) coordinate system with left bottom cor-

ner at (2, %), width Ar = 0.1, and height Af = 0.1. The image R of this square

in the (z,y) system under the polar coordinate mapping { f/ : ;Z?ﬁg is shown in
Figure 5.

Now, the square S has area ArAf = (0.1)(0.1) = 0.01, and thus the area of R
is approximately equal to the product of the Jacobian determinant, r = 2, with the
area of S. Hence, the area of R ~ 2(0.01) = 0.02.

To understand this approximation, recall that the columns of the Jacobian ma-
trix represent vectors tangent at the corner point to the curved edges of R. When
these vectors are scaled properly by multiplying by Ar and A6, respectively, they
represent the sides of a parallelogram (shown in Figure 6) whose area approximates
the area of R. (In this particular case, the dot product of the columns is zero, and
so the parallelogram is a rectangle.)

Finally, WAe0 compute the actual area of R for comparison purposes. The actual

area of R is 5> (the portion of the circle involved) times the differences of the areas

of the circles of radii 2.1 and 2.0. Hence,

A6 9 9 0.1 0.041
area of R = g(w(zl ) —m(29)) = g(w(o.éﬂ)) =—3 = 0.0205.

Thus, in this case, the scale factor obtained from the Jacobian induces an error

of only 0.0005, or, 2.5%. Of course, in the actual integration, both Ar — 0 and

Af® — 0, which makes the percent error approach 0 as well (although we do not

prove this here). |

Ar=0.1

oy

]
1
1 2

Figure 5: Image R of polar coordinate system square S in rectangular coordinates
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I-Z sin ﬂ;’ 2 cos = |A0
| I, oinX
Cos 6 sin 5 Ar

Figure 6: The parallelogram formed by the columns of the Jacobian at the point
(2,%)

EXAMPLE 5 Consider ff«/xQ + y2 dx dy over the region R given by 0 < r < 1+ cosf in polar
R

coordinates (see Figure 7). Now, \/22 4+ y2 =, and so

2 14+cos@
//\/xQerdedy = //T~rdrd9:/ / r? dr df
4 4 0 0

/QW <’I"3 > 14cos 6
0 3

2m
%/ (1 + 3cosf + 3cos® O + cos® 0) db
0

2m
df = %/ (1 + cos®)? db
0

0

o 2m
%/ (3cos 6 + cos® 0) d9+%/ (1+3cos0) dob.
0 0

An appeal to symmetry considerations (or a tedious computation) shows the first
integral equals 0. Using a double-angle formula on the second integral, we obtain

2m
%/ (143 (5 +beos26)) db = (30 + 4 sin20) 17 = 2.
0
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Figure 7: The region R in polar coordinates given by 0 <r <1+ cosf

» Triple Integrals

The situation for change of variables in three dimensions is similar. When con-
verting an integral in (x,y, z) coordinates to an integral in (u,v,w) coordinates,
any rectangular solid based at the point (x,y, z) and having sides Az, Ay, and Az
is mapped to a region approximated by a parallelepiped. The sides of this paral-
lelepiped are the columns of the Jacobian matrix evaluated at (x,y, z) multiplied
by Az, Ay, and Az, respectively. Thus, by Theorem 3.1, the absolute value of the
Jacobian determinant

oz 9z Oz

ou Ov Ow

9y 9y O
1= |5 5 g

9z 0z 02
ou Ov Ow

provides the correct scaling factor for converting from xyz-space to uvw-space.
That is, do dy dz = ’|J\‘ du dv duw.

» Spherical Coordinates
One coordinate system frequently used in three dimensions is spherical coordinates.
If P = (z,y, 2) is a point in the rectangular coordinate system and v is a vector from
the origin to P, then P is assigned coordinates (p, ¢,0) in spherical coordinates,
where p = ||v||, ¢ is the angle between the vector [0,0,1] and v, and 6 is the angle
between the vector [1,0,0] and the projection of v onto the zy-plane (see Figure
8). From elementary trigonometry, we find that

x = psin ¢ cosd p? = 2% +y? + 22
y = psin ¢sin b tanf = £, when x # 0

zZ = pcos¢ COS(b:\/ﬁ.
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é P = (psin ¢ cos 6,

psin ¢sin 6,

pcos ¢)
P ]
/ i

| y
i
6 p"’-l'» i /

[

Figure 8: Spherical coordinates for P = (z,y, 2)

Hence,
Oz 9z Oz
9p 9¢ 00 sin¢gcos@ pcospcost —psinpsin
[J| = %}é % %% = | sin¢sinf pcos¢sind psin ¢ cosb
8z 9z 0z cos ¢ —psin ¢ 0
op 06 00
— cosg pcoscﬁc.ose —pf’sin(ﬁsinﬁ _ (—psing) si-n(ﬁCf)sO —p.sinqbsinﬁ
pcospsing  psin g cosd singsinf  psin ¢ cosf

= cos ¢(p? cos psin ¢ cos? § + p? cos g sin ¢ sin? 0)
+ psin ¢(psin? ¢ cos? § + psin? ¢sin? 0)

= p?cos?® ¢sin p(cos? O + sin? @) 4 p? sin® ¢(cos? f + sin? §)

= p?cos® gsing + p?sin® ¢

= p?sin¢(cos? ¢ + sin? ¢)

= p?sin .
Since 0 < ¢ < 7 in spherical coordinates, the quantity p?sin ¢ is always nonnega-
tive. Hence, when converting an integral from zyz-coordinates to p@f-coordinates,

we have
de dydz = p? sin ¢ dp de db.

EXAMPLE 6

We find the volume of the region R bounded below by the upper half of the cone
2?2 = 22 + y? and bounded above by the sphere x2 + 3> + 22 = 8 (see Figure 9).

Now,
volume of R = ///1 dx dydz.
R

Converting to spherical coordinates, we have

volume of R = ///p2 sinp dp d¢ db.
R

Since the radius of the sphere is v/8, p ranges from 0 to /8. The sides of the cone

are at a 45° angle from the z-axis, and so ¢ ranges from 0 to 7. Hence, changing
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to an iterated integral, we obtain

27 T V8
volume of R = / / / p%sin ¢ dp deg db
o Jo Jo

- ()l

:'A%ié% BV8 e do

I

do

do do

X

Figure 9: Region R bounded below by the upper half of the cone 2% = 22 + y? and
bounded above by the sphere x2 + 32 + 22 = 8

» Cylindrical Coordinates

Another frequently used three-dimensional coordinate system is cylindrical coordi-
nates, (r,0, z), in which the r and # variables provide a polar coordinate system in
the xy-plane, and z is unchanged from rectangular coordinates. Thus,

x = 1rcosb
y=rsind .
z=2z

In Exercise 3, you are asked to show that the Jacobian determinant for a transfor-
mation from rectangular to cylindrical coordinates is r, and hence

drdydz =rdrdfdz.
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» Higher Dimensions

The method we have shown for changing variables in double and triple integrals
also works in general for multiple integrals in R™. In particular, to change from

T1T2

... xp-coordinates to ujus ... u,-coordinates, we must calculate the absolute

value of the determinant of the Jacobian matrix,

9z, 9z JoR3Y
Ouq Ous Oun
Oxg Oxy . Oxg
Ouq Ous Oun

|J | = . . . )
Ox, Oxzp .. Ozp
ouq Ous Ounp,

and then we have

» New Vocabulary

dxydzs ... dz, = ‘|J|‘ duy dusy . . . du,.

cylindrical coordinates
Jacobian determinant
Jacobian matrix

polar coordinates
spherical coordinates

» Highlights

. . T = ) .
For the change of coordinates function { , the Jacobian matrix is
Ju v
dy 9y
ou Ov

oz Oz
J= [ ] , and its determinant, |J|, is called the Jacobian determinant.

e If f is a function of variables « and y, R is a region in (z,y) coordinates, and

S is the corresponding region in (u,v) coordinates, then

/R/f(a:,y) drdy = é/f(x(u,v),y(u,y)) ‘|J|‘ dudo.

That is, the scaling factor involved when converting a double integral from
(x,y) coordinates to (u,v) coordinates is the absolute value of the Jacobian
determinant.

When converting from (z,y) coordinates to (u,v) coordinates, we have dz dy
= ||J|| dudv. In particular, in polar coordinates, where = rcosf and y =

rsin @, we have dx dy = rdrdf.

When converting an integral in (x,y, z) coordinates to an integral in (u, v, w)
coordinates, the absolute value of the Jacobian determinant

Oz Oz Oz

ou Ov Ow

|J|=| % %u S

ou Ov Ow

0z 0z 0z

ou Ov Ow
provides the correct scaling factor for converting from xyz-space to uvw-space.
That is, dedy dz = ‘|J|‘ du dv dw.

In spherical coordinates, where x = psin ¢ cosf, y = psinpsinf, z = pcos ¢,
we have dz dy dz = p? sin ¢ dp d¢ df.

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
© ELSEVIER 2016 — ALL RIGHTS RESERVED.



39

e In cylindrical coordinates, where © = rcosf, y = rsinf, z = z, we have
dxdydz = rdrdfdz.

e When converting from x5 . .. x,-coordinates to ujus . . . u,-coordinates, the
Jacobian matrix is

Oz Oz ., Om
ouq Ous Oup
sz 6:62 . 81}2
J= 81.11 81.@ Oun ,
Oxy Ozy .. Ozy
ouq Ous Ounp
and we have dxy dzs . ..dz,, = )|J\‘ duq dusy . . . du,.

» EXERCISES

1. For each change of variable formula, compute dz dy in terms of du dv.

*

*

*

a)z=u+v,y=u—v
b) x =u? +v% y=1u?—0?

c) z=u?—v% y=2uww

_ _u _ _—w
d) z = 2o Y= e

2u 17(u2+v2)

e) T = T Y = (e

2. For each change of variable formula, compute dz dy dz in terms of du dv dw.

*

*

Ay rz=utv,y=v+w, z=w+u
b) z=3u+t+v+tw,y=3v+w, z=w

__u _ v _ w
c) = wivitw? Y T w@reTre?r £ T witvitw?

d) 2= y=u,z=ucosv (for u>0)

3. Show that |J| = r for the change of variables from rectangular coordinates to
cylindrical coordinates.

4. Compute each of the following integrals by changing to the indicated coordi-
nate system:

*

a) [[(xz+y)dzdy, where R is the region in the first quadrant between the
R

circles 22 + y? = 1 and 22 + 32 = 9; polar coordinates
b) f f 1dx dy, where R is the region inside the innermost ring of the spiral
R

r = 6 in the first quadrant (see Figure 10); polar coordinates

s

I3

Figure 10: The spiral 7 = 6
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% ¢) [[[zdxdydz, where R is the half of the sphere of radius 1 centered at
R

the origin which is above the xy-plane; spherical coordinates

d) [[[ Wgﬁg dx dy dz, where R is the shell between the spheres of radii
R

2 and 3 centered at the origin; spherical coordinates
* e) [[[(z? +y*+2%)dxdydz, where R is the region defined by z? +y? < 4
R

and —3 < z < 5; cylindrical coordinates
% 5. True or False:

a) A linear change of coordinates for an integration results in a constant
scaling factor with respect to the associated integrals.

b) For the change of variables u = y, v = x, we have dudv = 1dzx dy.

c) A rectangle in wv-coordinates with sides Au and Awv is mapped by a
change of coordinates to a region whose area is approximated by the

area of the parallelogram with sides {%, g—;ﬂ Au and [%, %} Av.

d) The scaling factor for a change of variables in integrals is always the
determinant of the Jacobian matrix.
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» Answers to Selected Exercises
(1) (a) de dy=2dudv
(c) dx dy = 4(u® + v?) du dv
_ 8|v]

(2) (a) dx dy dz =2 du dv dw

(c) dx dy dz = (m) du dv dw
4 (a) F (©) % (e) S5
() (a) T (b) T () T (d) F
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Function Spaces

Prerequisite: Section 4.7, Coordinatization

In this section, we apply the techniques of Chapter 4 to vector spaces whose elements
are functions. The vector spaces P, and P are familiar examples of such spaces.
Other important examples are C° (R) = {all continuous real-valued functions with
domain R} and C*(R) = {all continuously differentiable real-valued functions with
domain R}.

» Linear Independence in Function Spaces

Proving that a finite subset S of a function space is linearly independent usually
requires a modification of the strategy used in R".

ExXAMPLE 1

Consider the subset S = {x?’ —z, ze, sin (%x)} of C! (R). We will show that
S is linearly independent using the definition of linear independence. Let a, b, and
¢ be real numbers such that

a (x3 — a:) +b (a:e_zz) +c (sin (g:r)> =0
for every value of x. We must show that a =b=c¢=0.

The above equation must be satisfied for every value of x. In particular, it is
true for x = 1, z = 2, and x = 3. This yields the following system:

(Lettingz =1=) a(0)+b é) +c(1)=0

(Letting t =2 =)  a(6)+b

u>| o
~
4
o
—~
o
N~—

I
o

(Lettingx =3 =) a(24)+0

Row reducing the matrix

a

o

b

L a b ¢
0 ¢ 110 100]0
6 2 00| to |010]0
24 3 -1/ 0 001[0

shows that the trivial solution a = b = ¢ = 0 is the only solution to this homoge-
neous system. Hence, the set S is linearly independent by the definition of linear
independence. |

When proving linear independence using the technique of Example 1, we try
to choose “nice” values of x to make computations easier. Even so, the use of a
calculator or computer is often desirable when working with function spaces.

Other problems may occur because of the choice of x-values. Returning to
Example 1, if instead we had plugged in x = —1, x = 0, and = = 1, we would have
obtained the system

(z=-1=) a(0)+0 (%) +c(-1)=0
(zx=0=) a(0) +b(0) +¢(0)=0 )

(r=1—) a(O)—&—b(%)—i—c(l):O

which has infinitely many nontrivial solutions. To prove linear independence, we
must examine further values of =, generating more equations for the system, until
the new system we obtain has only the trivial solution, as in Example 1.
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Suppose, however, that after substituting many values for « and creating a huge
homogeneous system, we still have nontrivial solutions. We cannot conclude that
the set of functions is linearly dependent, although we may suspect that it is. In
general, to prove that a set of functions {f,...,f,} is linearly dependent, we must
find real numbers aq, ..., a,, not all zero, such that

a1fy(z) + asfo(x) + - - + apfy(x) =0

is a functional identity for every value of z, not just those we have tried.

EXAMPLE 2 Let S = {sin 2z, cos 2z, sin® z, cos® z}, a subset of C*(R). Suppose we attempt to
show that S is linearly independent using the definition of linear independence. Let
a,b, c, and d represent real numbers such that

a(sin 2z) + b(cos 2z) + c(sin® ) + d(cos® ) = 0.

Since we have four vectors in S, we substitute four different values for = into this
equation to obtain the following system:

(x =0 ) a(0) + b(1) + ¢(0) + d(1) =0
(z = % ) a(l) + b(0) + c(3) + d(3) =0
(x = Z ) a(0) + b(=1) + c(1) + d(0) =0
(@ =% =) a1 + b0) + c(z) +d(3) =0

there are nontrivial solutions to the system, such asa=0,b=—-1,c=-1,d=1.

At this point, we cannot infer that S is linearly independent because we have
nontrivial solutions. We also cannot conclude that S is linearly dependent because
we have tested only a few values for z. We could try more values, such as z = &
and x = 7, but we would still find that a =0, b= —1, ¢ = —1, d = 1 satisfies each
equation we generate. This situation leads us to believe that the set S is linearly
dependent. To be certain, we must check that the values a =0, b = -1, ¢ = —1,
and d = 1 yield a functional identity when plugged into the original functional

equation. Substituting these values yields

0(sin 2z) + (—1)(cos 2z) + (—1)(sin® z) 4 (1)(cos® z) = 0,
or cos 2z = cos® x — sin® z, a well-known trigonometric identity. Thus, one vector
in S can be expressed as a linear combination of the other vectors in S, and S is
linearly dependent. u

» New Vocabulary

C° (R) (continuous real-valued functions on R)

C1(R) (real-valued functions on R having a continuous derivative)
function spaces

linearly dependent set (in a function space)

linearly independent set (in a function space)
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e Function spaces are vector spaces whose elements are functions, such as P,

P, C° (R), and C1(R).

o A set of functions {fy,...,f,} (in a function space) is linearly independent if
there are n different values of = so that the resulting n equations of the form
arfy(x) + asfa(x) + -+ + apf,(z) = 0 form a system having only the trivial

solution a1 = as =---=a, = 0.
o A set of functions {fi,...,f,} (in a function space) is linearly dependent if
there are real numbers a1, ag, . . ., a,, not all zero, such that a;f; (x)+asfs(z)+

-+« + apf,(x) = 0 for every value of x.

1. In each part of this exercise, determine whether the given subset S of C'(RR)
is linearly independent. If S is linearly independent, prove that it is. If .S is
linearly dependent, solve for a functional identity that expresses one function
in S as a linear combination of the others.

* a) S = {ewve2x’e3z}
b) S = {sinz, sin 2z, sin 3z, sin4x}
* ¢) §= 5x—1, 3x+177x3—3x2+17x—5
1+227 2422 x4+ 322 +2
d) S={sinz, sin(z+1), sin(x+2), sin(z + 3)}

2. Recall that a function f(z) € C°(R) is even if f(z) = f(—x) for all z € R
and is odd if f(z) = —f(—z) for all z € R. Suppose we want to prove that a
finite subset S of C°(R) is linearly independent by the method of Example 1.

a) Suppose that every element of S is an odd function of z (as in Example 1).
Explain why we would not want to substitute both 1 and —1 for x into
the appropriate functional equation. Also explain why = 0 would be
a poor choice.

b) Suppose that every element of S is an even function. Would we want to
substitute both 1 and —1 for x into the appropriate functional equation?
Why? How about z = 0?7

3. Let S be the subset {cos(z + 1), cos(x + 2), cos(x + 3)} of C1(R).

a) Show that span(S) has {cosz, sinz} for a basis. (Hint: The identity
cos (@ + ) = cosacos B — sinasin S is useful.)
b) Use part (a) to prove that S is linearly dependent.
4. For each given subset S of C1(R), find a subset B of S that is a basis for V =
span(95).
* a) S = {sin2z, cos 2z, sin’z, cos z, sinzcosz, 1}
b) S={e" 1,e "}
* c) S ={sin(z+1), cos(z + 1), sin(z + 2), cos(z + 2)}

5. In each part of this exercise, let B represent an ordered basis for a subspace
V of CY(R) and find [v]p for the given v € V.

* a) B =(e%, 2%, e3%), v =D5e® — Te3®
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b) B = (sin2z, cos2z, sin®z), v =1

* ¢) B=(sin(z+1),sin(x+2)), v=coszx
% 6. True or False:

a) A subset {fi,fa} of nonzero functions in C°(R) is linearly dependent if
and only if f; is a nonzero constant multiple of f5.

b) The set {2, 2%, 2%, 25} is a linearly independent subset of C'(R).

c) Let fi,f5,f3 € CO(R). If plugging values for = into afy(z) + bfa(z) +
cf3(x) = 0 leads to a = b = ¢ = 0, then f;, f5, and f3 are linearly
dependent.

d) Let fi,f,f3 € CO(R). If plugging 3 different values for x into afy(z) +

bfa(x) + cfs(z) = 0 does not allow us to conclude that a = b = ¢ = 0,
then f, f5, and f5 are linearly dependent.
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» Answers to Selected Exercises

(1)

(4)

(a) Linearly independent. To prove that it is, substitute the values x = 0,
x =1, x = 2, and follow the method of Example 1.

(c) Linearly dependent (a = —2,b=1,c=1)
(a) B = {sin(2z), cos(2z), sin® z}
(¢) B={sin(z + 1), cos(z + 1)}
(a) [v]s =1[5,0,-7]

()

[V]p = [-<2 cosl] ~[0.4945, 0.6421]. (If your answer is more compli-

cated than this, compare numerical approximations.)

C

(a) T (b) T (c) F (d) F
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Max-Min Problems in R” and the Hessian
Matrix

Prerequisite: Section 6.3, Orthogonal Diagonalization

In this section, we study the problem of finding local maxima and minima for real-
valued functions defined on R™. The method we describe is the higher-dimensional
analogue to finding critical points and applying the second derivative test to func-
tions defined on R studied in first-semester calculus.

» Taylor’'s Theorem in R"

Let f € C?(R"), where C?(R") is the set of real-valued functions defined on R"
having continuous second partial derivatives. The method for solving for local
extreme points of f relies upon Taylor’s Theorem with second degree remainder
terms, which we state here without proof. (In the following theorem, an open
hypersphere centered at xg is a set of the form {x € R"| ||x — x¢|| < r} for some
positive real number r.)

THEOREM 1
(Taylor’s Theorem in R™) Let A be an open hypersphere centered at xo € R™,
let u be a unit vector in R™, and let t € R such that xg + tu € A. Suppose
f: A — R has continuous second partial derivatives throughout A; that is,
f € C%(A). Then there is a ¢ with 0 < ¢ < ¢ such that
)
Xo+cu

n an
2 Xo) (tUZ) i % =1 (8—‘%?

o2 f )
(t*uiuy).
1 (81’28.%] xg+cu 7

Taylor’s Theorem in R"™ is derived from the familiar Taylor’s Theorem in R
by applying it to the function g(t) = f(xo + tu). In R?, the formula in Taylor’s

Theorem is
) (tUQ)
X0

(t2u3)
Xo+cu

f(xo+tu) = f(xo) + (%

0
X x0> (tU1) - (8_y
0*f
. <6_ ) v a| 5
0% f
+ (axﬁy

(t2u1 UQ) .
Xo+cu

Recall that the gradient of f is defined by Vf = [ﬂ oL ﬁ]. If we let

Ox1? Oxa " ' 0Ty,

v = tu, then, in R?, v = [v1, va] = [tuy, tus], and so the sum
) .
X0

of aof
<% xo) (tuy) + <a—y

) (tug)  simplifies to (V f
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Also, since f has continuous second partial derivatives, we have 68%% = ;;gm.
Therefore,
0*f 0% f 0% f
1 2,2 1 2,2 2
s—5(t*u s—(t"u — ("
2562( 1)+25‘y( )+aa( 12)
b (P, F N
=sv | =5 v U
2\ 922" T Dwoy” ? y?
’f  9f
Oxz2  Oxd
= %VT : vy v,
’f  9f
Oydxr  0y?

where v is considered to be a column vector. The matrix

2f 0%

dzx2  Oz0y
H =

o’f  9°f

Oydx  Oy?

in this expression is called the Hessian matrix for f. Thus, in the R? case, with
v = tu, the formula in Taylor’s Theorem can be written as
) V,
xo+kv

oo ) = fxo) + (V1] ) vt (8

for some k with 0 < k <1 (where k = £). While we have derived this result in R?

the same formula holds in R™, where the Hessian H is the matrix whose (4, j) entry
8% f

is Ox;0x; *

If A is a subset of R", then we say that f: A — R has a local maximum at a point
xp € A if and only if there is an open neighborhood U of xg such that f(xq) > f(x)
for all x € U. A local minimum for a function f is defined analogously.

THEOREM 2
Let A be an open hypersphere centered at xo € R™, and let f: A — R have

continuous first partial derivatives on A. If f has a local maximum or a local
minimum at Xg, then Vf(xq) = 0.

If x¢ is a local maximum, then f(xq+ he;) — f(xg) < 0 for small h. Then,

limy, o+ w < 0. Similarly, limy,_,q- w > 0. Hence, for

the limit to exist, we must have % = 0. Since this is true for each i, Vf| =0.
*Ixq X0
A similar proof works for local minimums. QED

Points xg at which V f(x¢) = 0 are called critical points.

EXAMPLE 1

Let f:R? — R be given by
f(x,y) = T2? + 62y + 22 + Ty* — 22y + 23.

Then Vf = [14x + 6y + 2, 62 + 14y — 22]. We find critical points for f by solving
V f = 0. This is the linear system
ldz + 6y + 2 =0
6r + 1y — 22 = 0
which has the unique solution xo = [—1, 2]. Hence, by Theorem 2, (—1, 2) is the only
possible extreme point for f. (We will see later that (—1,2) is a local minimum.)
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» Sufficient Conditions for Local Extreme Points

If xg is a critical point for a function f, how can we determine whether xq is a local

maximum or a local minimum? For functions on R, we have the second derivative

test from calculus, which says that if f”/(xg) < 0, then xq is a local maximum, but

if f”(xg) > 0, then x¢ is a local minimum. We now derive a similar test in R™.
Consider the following formula from Taylor’s Theorem:

V.
xo+kv

V.
xo+kv

) v is positive for all small nonzero vectors v, then f will

P ) = flxa) + Vo) v v (B

At a critical point xg, Vf(x0) = 0, and so

Fx0+v) = Flxo) + bv" (H

Hence, if v7 [ H
xo+kv

have a local minimum at xq. (Similarly, if v7 (H > v is negative, f will

xo+kv
have a local maximum.) But since we assume that f has continuous second partial

derivatives, v7 (H

) v is continuous in v and &, and will be positive for small

xo+kv
v if v¥ (H v is positive for all nonzero v. Hence,
X0
THEOREM 3
Given the conditions of Taylor’s Theorem for a set A and for a function

f:A — R, f has a local minimum at a critical point x¢ if v7 <H

>v>0for

all nonzero vectors v. Similarly, f has a local maximum at a critical point xq if

vT (H

» Positive Definite Quadratic Forms

If v is a vector in R”, and A is an n X n matrix, the expression v Av is known
as a quadratic form. (For more details on the general theory of quadratic forms,
see Section 8.10.) A quadratic form such that v’ Av > 0 for all nonzero vectors v
is said to be positive definite. Similarly, a quadratic form such that v Av < 0
for all nonzero vectors v is said to be negative definite.

X0

) v < 0 for all nonzero vectors v.
Xo0

Now, in particular, the expression v’ <H ) v in Theorem 3 is a quadratic

X0

form. Theorem 3 then says that if v7' [ H

> v is a positive definite quadratic
X0

form at a critical point xg, then f has a local minimum at xo. Theorem 3 also

says that if v7 <H v is a negative definite quadratic form at a critical point

X0
Xg, then f has a local maximum at xy. Therefore, we need a method to determine
whether a quadratic form of this type is positive definite or negative definite.

Now, the Hessian matrix (H

), which we will abbreviate as H, is symmetric
X0

because %@ij = 8;12-25@ (since f € C?(A)). Hence, by Corollary 6.23, H can be
orthogonally diagonalized. That is, there is an orthogonal matrix P such that

PHP? =D, a diagonal matrix, and so, H = P"DP. Hence,

v'Hv = vIPTDPv = (Pv)"D(Pv).
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Letting w = Pv, we get v Hv = w/Dw. But P is nonsingular, so as v ranges
over all of R™, so does w, and vice-versa. Thus, v Hv > 0 for all nonzero v if and
only if w’Dw > 0 for all nonzero w. Now, D is diagonal, and so

w! Dw = dnw% + dggw% + -4 d,mwi.

But the d;;’s are the eigenvalues of H. Thus, it follows that w”Dw > 0 for all
nonzero w if and only if all of these eigenvalues are positive. (Set w = e; for each ¢
to prove the “only if” part of this statement.) Similarly, w’ Dw < 0 for all nonzero
w if and only if all of these eigenvalues are negative. Hence,

THEOREM 4
A symmetric matrix A defines a positive definite quadratic form vZ Av if and
only if all of the eigenvalues of A are positive. A symmetric matrix A defines a

negative definite quadratic form v?' Av if and only if all of the eigenvalues of A
are negative.

Hence, Theorem 3 can be restated as follows:

Given the conditions of Taylor’s Theorem for a set A and a function f: A — R:
(1) if all of the eigenvalues of H are positive at a critical point xg, then f has a
local minimum at xg, and

(2) if all of the eigenvalues of H are negative at a critical point xo, then f has
a local maximum at xq.

EXAMPLE 2

Consider the function
fz,y) = T2® + 6y + 2z + Ty* — 22y + 23.

In Example 1, we found that f has a critical point at xg = [—1, 2]. Now, the Hessian
matrix for f at xg is

’f 9°f
Oxz2 Oz

H- ooy _ |14 6
%f  9*f 6 14

Oydxr  0y? X0

But pu(z) = 2% — 28z + 160, which has roots 2 = 8 and z = 20. Thus, H has all
eigenvalues positive, and hence, v Hv is positive definite. Theorem 4 then tells us
that xo = [—1, 2] is a local minimum for f. [ |

» Local Maxima and Minima in R?

It can be shown (see Exercise 3) that a 2 X 2 symmetric matrix A defines a positive
definite quadratic form (vI'Av > 0 for all nonzero v) if and only if a;; > 0 and
|A| > 0. Similarly, a 2 x 2 symmetric matrix defines a negative definite quadratic
form (vI'Av < 0 for all nonzero v) if and only if a;; < 0 and |A| > 0.

EXAMPLE 3

Suppose f(z,y) = 222 — 22%y? + 2y® + 24y — 2* — y*. First, we look for critical
points by solving the system

ox

U — _day+ 4y +24 — 4P = —dy(a® +°) + 4y +24=0

{ of =4z —doy? — 423 =42(1 — (y®> +22)) =0
Oy

Now %ﬁ = Oyields z = 0 or y>+a? = 1. If z = 0, then %5 = 0 gives 4y+24—4y3 = 0.
The unique real solution to this equation is y = 2. Thus, [0, 2] is a critical point.
If x # 0, then 32 4+ 2% = 1. From %5 =0, we have 0 = —4y(1) + 4y + 24 = 24,
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a contradiction, so there is no critical point when x # 0.
Next, we compute the Hessian matrix at the critical point [0, 2].

o%f  9f
Ox2  Oxdy
H =
o’f  9%f
Oydx  Oy? [0,2]
o [4—4y* — 1227 —8zy | —12 0
N —8zy —4z? + 4 — 1292 0.2] N 0 —44 |

Since the (1,1) entry is negative and |H| > 0, H defines a negative definite quadratic
form and so f has a local maximum at [0, 2]. |

» An Example in R?

ExAMPLE 4 Consider the function
g(x,y,2) = 5x? 4+ 222 + 4oy + 10z + 32° — 6yz — 62 + 5y + 12y + 21.
We find the critical points by solving the system
9 = 10z + 22 + 4y + 10 = 0
99 — 4z — 6z + 10y + 12 = 0 .
7 = 2r + 6z — 6y — 6 =0

Using row reduction to solve this linear system yields the unique critical point
[—9,12,16]. The Hessian matrix at [—9, 12, 16] is

g 9% 9%
Ox2  Ozdy Ozdz

10 4 2

_ 22 22 2? —
H = aygz B_yg Byagz - 4 10 -6
2 -6 6

d%g 9%*q 9g
0z0x 0z0y  0z2 [—9,12,16]

A lengthy computation produces pg(z) = 2® — 2622 4 1642 — 8. The roots of px(z)
are approximately 0.04916, 10.6011, and 15.3497. Since all of these eigenvalues for
H are positive, [—9,12,16] is a local minimum for g. [ |

» Failure of the Hessian Matrix Test

In calculus, we discovered that the second derivative test fails when the second
derivative is zero at a critical point. A similar situation is true in R™. If the Hessian
matrix at a critical point has 0 as an eigenvalue, and all other eigenvalues have the
same sign, then the function f could have a local maximum, a local minimum, or
neither at this critical point. Of course, if the Hessian matrix at a critical point has
two eigenvalues with opposite signs, the critical point is not a local extreme point
(why?). Exercise 2 illustrates these concepts.

» New Vocabulary

C?(R") (functions from R" to R having continuous second partial derivatives)
critical point (of a function)

gradient (of a function on R™)

Hessian matrix

local maximum (of a function on R™)

local minimum (of a function on R™)

negative definite quadratic form
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open hypersphere (in R™)
positive definite quadratic form
Taylor’s Theorem (in R™)

The gradient of a function f:R™ — R is defined by V f = [ﬁ or oL

Ox1? Oxa " ' Oxp

Let A be an open hypersphere about xq, and let f be a function on A with
continuous partial derivatives. If f has a local maximum or minimum at xg,
then Vf(xg) = 0.

For a function f:R"™ — R, its corresponding Hessian matrix H is the n x n
2
matrix whose (4, ) entry is nga%' In particular, for a function f:R? — R,

oy o
. . oz?  dxdy

the Hessian matrix H =
r o
Oydx  dy?

Taylor’s Theorem in R™: Let A be an open hypersphere in R™ centered at
Xg, let u be a unit vector in R™, and let ¢ € R such that xg + tu is in A.
Suppose f: A — R has continuous second partial derivatives throughout A;
that is, f € C?(A). Then there is a ¢ with 0 < ¢ < t such that

) (bui) +3 ) ( ? ) (tPu?)
i=1 Xo+cu

i

- ) (tPuuy).
Xo+cu

) -V + %VT (H ) v,
X0 xo+kv

Let A be an open hypersphere centered at xg € R™. If f: A — R has continu-
ous second partial derivatives throughout A, then f has a local minimum at

In particular, we have

F(x0 +v) = f(xo) + (Vf

for some k with 0 < k < 1.

a critical point x¢ if v7 (H

) v > 0 for all nonzero vectors v. Similarly, f
X0

has a local maximum at a critical point xq if v’ (H
X0

> v < 0 for all nonzero
vectors v.
A quadratic form is an expression of the form v Av, where v is a vector in

R™ and A is an n X n matrix. A positive [negative| definite quadratic form
is one such that v Av >0 [vIAv < 0] for all nonzero vectors v.
)v is a
X0

positive [negative] definite quadratic form at a critical point xg, then f has a
local minimum [maximum)] at xg.

For a function f:R™ — R having Hessian matrix H, if v7 (H

A symmetric matrix A defines a positive [negative] definite quadratic form
vT Av if and only if all of the eigenvalues of A are positive [negative)].

If f:R™ — R has Hessian matrix H, and all eigenvalues of H are positive
[negative| at a critical point xg, then f has a local minimum [maximum] at
X0-
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e A 2 x 2 symmetric matrix A has a positive [negative] definite quadratic form
vl Av if and only if a;; > 0 [a1; < 0] and |A| > 0.

1. In each part, solve for all critical points for the given function. Then, for each
critical point, use the Hessian matrix to determine whether the critical point
is a local maximum, a local minimum, or neither.

* a) f(z,y) = 2% + 2% + 22y — 3z + y?
b) f(x,y) = 622 + 4oy + 3y* + 8z — Yy
* c) f(z,y) =222+ 2zy +2x+9y> -2y +5
d) f(z,y) =23+ 32%y — 2% + 3ay? + 22y — 3z + 3% — 3% — 3y

(Hint: To solve for critical points, first set % — g—i =0.)

* e) f(z,y,2) =222+ 22y +2rz+y* +4y> 2+ 69222 —y? +4y2® —dyz+ 24— 22

2. The parts of this exercise illustrate cases in which the Hessian Matrix Test is
inconclusive.

a) Show that f(z,y) = (r — 2)* + (y — 3)? has a local minimum at [2, 3],
but its Hessian matrix at [2,3] has 0 as an eigenvalue.

b) Show that f(z,y) = —(x —2)* + (y — 3)? has a critical point at [2, 3], its
Hessian matrix at [2, 3] has all nonnegative eigenvalues, but [2, 3] is not
a local extreme point for f.

c) Show that f(z,y) = —(2+1)*—(y+2)* has a local maximum at [—1, —2],
but its Hessian matrix at [—1, —2] is Oy and thus has all of its eigenvalues
equal to zero.

d) Show that f(z,y,2) = (x — 1) — (y — 2)? + (2 — 3)* does not have any
local extreme points. Then verify that its Hessian matrix has eigenvalues
of opposite sign at the function’s only critical point.

3. The parts of this exercise prove necessary and sufficient conditions for a
symmetric 2 X 2 matrix to represent a positive definite or negative definite
quadratic form.

a b

b c
definite quadratic form if and only if @ > 0 and |A| > 0. (Hint: Compute
pa(z) and show that both roots are positive if and only if a > 0 and
|A|>0.)

b) Prove that a symmetric 2 x 2 matrix A defines a negative definite
quadratic form if and only if a1; < 0 and |A| > 0.

a) Prove that a symmetric 2 x 2 matrix A = { } defines a positive

% 4. True or False:

a) If f:R™ — R has continuous second partial derivatives, then the Hessian
matrix is symmetric.

b) Every symmetric matrix A defines either a positive definite or a negative
definite quadratic form.

c) A Hessian matrix for a function with continuous second partial deriva-
tives evaluated at any point is diagonalizable.

d) v7 [ g g ] v is a positive definite quadratic form.
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v is a positive definite quadratic form.

o
N
<

!
o o w
|
o © o
s o o
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> Answers to Selected Exercises
(1) (a) Critical points: (1,—1), (—1,1); local minimum at (1, —1)
(c) Critical point: (—2,3); local minimum at (-2, 3)
(e) Critical points: (?,0,0), (3,-1,-1), (1,1, 3); local minimums at
2

220 2 272
(G-b -3 3D

4) (a) T (b) F () T (d T (e) F
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Jordan Canonical Form

Prerequisites: Section 5.6, Diagonalization of Linear Operators; Section 7.2,
Complex Eigenvalues and Complex Eigenvectors

We have seen that not every n x n matrix is diagonalizable. This can cause diffi-
culties in certain applications. In this section, we define what it means for a matrix
to be in Jordan Canonical Form, and assert that every n x n matrix with complex
entries is similar to a matrix of this type. For a diagonalizable complex matrix, its
Jordan Canonical Form is merely a diagonal matrix to which it is similar. However,
a nondiagonalizable complex matrix A is similar to a matrix in Jordan Canonical
Form which is almost diagonal, but with some nonzero entries directly above the
main diagonal. For many applications, this is helpful, thus easing our difficulty with
nondiagonalizable matrices. We will also show how to put a matrix into Jordan
Canonical Form.

» Defining Jordan Blocks

Before defining Jordan Canonical Form, we must first discuss Jordan blocks, the
basic components from which a matrix in Jordan Canonical Form is constructed.

DEFINITION

A k x k matrix A is a Jordan block associated with an eigenvalue A if and
only if A has

(1) every diagonal entry equal to A,

(2) every entry immediately above the main diagonal equal to 1, and

(3) every other entry equal to zero.

EXAMPLE 1

The matrices

0100
310
-2 1 0010
83;)’ { 0—22'}’ 0001/ M M
0000
are Jordan blocks, while the matrices
30 210 1 0 10 5¢ 30
05| 020], 01| 01 0|, and 13
002 00 1
are not. |

Since a k x k Jordan block A is upper triangular with the value A on each main
diagonal entry, we see that pa (z) = (z — A)*. Thus X is the only eigenvalue of A.
It is easy to show that e; = [1,0, ..., 0] spans the eigenspace for A corresponding to
A. (See Exercise 1(a).) It is also easy to see that A is a k x k Jordan block for A
if and only if both of the following conditions hold: Ae; = Aeq, and for 2 <7 < k,
Ae; = \e;+e;_1. (This last condition can also be expressed as (A —\;)e; = e;_1.)
(See Exercise 1(b).) Thus, if A is a kxk Jordan block for A, (A—AIy)e; = O, and it
follows by induction that (A — A )%e; = Oy for 1 <1 < k. It is then straightforward
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to show that if A is a k x k Jordan block for A, then (A — I )* = Oy. (See Exercise
1(c).)

410
EXAMPLE 2 Consider the 3 x 3 Jordan block A = [ 0 4 1 | associated with A = 4. Then,
004
410 1 4
Ae1 = 041 0 = 0 = 481,
004 0 0
and so (A — 4I3)e; = 0. Similarly,
410 1
Ae; = |04 1 1| =14| =4ey+ ey,
004 0
and so (A — 4I3)e; = e;. Also,
410 0 0
A63: 041 0 = 1 :463+82,
004 1

and so (A7413)e3 = €eq. Thus (A7413)2€2 = (A7413)(A7413)e2 = (A74Ig)e1 =
0, and (A —4I3)3%e3 = (A — 4I3)%(A — 413)e3 = (A — 4I3)%e; = 0. Hence, we have:

(A —4I3)e; =0, (A —4I3)%e; =0, and (A —4I3)°e; = 0.

Now suppose that B is a k x k matrix similar to a Jordan block A with diagonal
entry \; that is, B = PAP™! for some nonsingular matrix P. Let v,...,v) be
the columns of P. After some thought, you will see that the vectors vi,...,vg
behave with respect to B in the same way that ey, ..., e, behave with respect to
A. In particular, Bvy = Avy, and Bv; = Av; + v;_1 for 2 < i < k. (See Exercise
2(a).)

The above process is reversible. That is, suppose B is a given k x k matrix. If we
can find a linearly independent sequence of vectors vy, ..., vg such that Bvy; = Avq,
and Bv; = Av; +v;_1 for 2 <4 < k, and if P is the matrix whose " column is v;,
then P is nonsingular, and A = P~!BP is the k x k Jordan block associated with
the eigenvalue A. (See Exercise 2(b).)

> Generalized Eigenvectors

We have seen that for a k£ x k matrix B similar to a Jordan block matrix A with
eigenvalue )\, there is a nonsingular matrix P such that B = PAP~'. We have
also seen that the columns of P form a sequence of vectors vi,..., vy such that
Bvy = Avy, and Bv; = Av; +v;_; for 2 <7 < k. It is straightforward to show that
(B — A\I)'v; = 0 for 1 < i < k. (See Exercise 3(a).) Since P is nonsingular, the
v;’s are linearly independent, and so every vector in CF is a linear combination of
the v;’s. Hence it is easy to show that in this particular case, every vector v in C*

has the property that (B — A;)" v = 0y, for some i, where 1 < i < k. (See Exercise
3(b).)

Unfortunately, not every m X n matrix is similar to a Jordan block matrix.
However, we can find vectors in C™ that behave in similar ways to the vectors
associated with Jordan blocks above. We begin with the following definition:
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Let A be a square matrix and let A\ be an eigenvalue for A. Then a nonzero

vector v is a generalized eigenvector for A corresponding to A if and only if
there is a positive integer k such that (A — AL,)" v = 0. The set

{veC"| (A —-AL,)"v =0 for some positive integer k}

(which includes the zero vector) is called the generalized eigenspace for A
corresponding to .

Thus, for a matrix similar to a k& x k Jordan block (having eigenvalue \), every
nonzero vector in C* is a generalized eigenvector. The generalized eigenspace in
this case is C*.

When we studied diagonalization in Sections 3.4 and 5.6, we saw that to diago-
nalize a matrix, computing a complete set of fundamental eigenvectors was a crucial
step. Similarly, we will see that in obtaining a Jordan Canonical Form matrix for
a given matrix B, it is vital to find sequences of special generalized eigenvectors
Vi,...,VE such that Bvy; = Avy, and Bv; = Av; + v;_1 for 2 < i < k. Hence, we
make the following definition:

Let A be a square matrix and let A be an eigenvalue for A. Then a sequence of

nonzero vectors {vy,..., vy} such that Avy = Avy, and Av; = Av; + v, for
2 < i < k is called a fundamental sequence of generalized eigenvectors
for A of length £ corresponding to .

Notice that the v;’s in this definition are, in fact, generalized eigenvectors
for A because we saw earlier that the given conditions on the v;’s imply that
(A—=X)'v; =0, for 1 <i<k.

For example, the sequence ej, ey, e is a fundamental sequence of generalized
eigenvectors of length 3 for the Jordan block matrix A in Example 2 corresponding
to the eigenvalue 4, since we found Ae; = 4e;, Aes = des+eq, and Aes = dez+es.
Such fundamental sequences of generalized eigenvectors are the key to finding a
Jordan Canonical Form for a general square matrix.

» Defining Jordan Canonical Form

Not every k x k matrix B is similar to a Jordan block, since vectors vy, ..., v with
the desired properties Bvy = Avy, and Bv; = Av; 4+ v,;_; for 2 <1 < k (for some \)
may not exist. Thus, we must go beyond the concept of a Jordan block to Jordan
Canonical Form.
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DEFINITION

A square matrix A is in Jordan Canonical Form if and only if there exist
Jordan blocks Aq,...,A,, such that

A, O -~ O
OA, - O
A=\ . . .
O O --- A,

That is, a matrix in Jordan Canonical Form can be divided into blocks such
that every block centered on the main diagonal is a Jordan block, and every
other block is a zero matrix.

EXAMPLE 3 The following matrices are all in Jordan Canonical Form. The Jordan blocks are
bracketed to make them stand out.
217 0 [4] © 0 [-1] 0 0
02 0o |, 0 [5] 0 , 0 -1 1 ,
00 [3] 0 0 [6-3i] 0 0 -1
(410 00 0 | [ 41 00 00 ]
041 00 0 0 i 0 00
004 00 0 00 31 00
000 41 0 ’ 00 03 00
000 04 0 00 00 01
| 000 00 [7]) | 00 00 00] |
|
Because every matrix in Jordan Canonical Form is upper triangular, its char-
acteristic polynomial is easy to compute. In particular, if Aq,..., A, are the en-
tries along the main diagonal of an n x n Jordan Canonical Form matrix A, then
pa(@) = (z — A1) (z = Ag) -+ (& — An).
ExXAMPLE 4 Consider the 3 x 3 matrix

210
A=|020
003

from Example 3. Then, pa(z) = (z — 2)* (z — 3). Hence, the cigenvalues of A are
A1 = 2 and Ay = 3. Because Ae; = 2e; and Aey = 2es+e1, we see that {e1,e2} isa
fundamental sequence of generalized eigenvectors for A of length 2 corresponding to
A1 = 2. Similarly, since Aez = 3es, {es} is a fundamental sequence of generalized
eigenvectors for A of length 1 corresponding to Ay = 3. |

We can generalize the principles in Example 4 as follows: Suppose A is a matrix
in Jordan Canonical Form, with A; as the i** Jordan block on the main diagonal
of A. Also suppose that A; is a k x k matrix associated with the eigenvalue \;
with its first row appearing on the [*” row of A. Then it is easy to verify that
Ae; = \je;, and that Ae;,, = \i€j1m + €4m—1 for 1 < m < k — 1. Essentially,
A has {e;,e;11,...,€1r_1} as a fundamental sequence of generalized eigenvectors
for A of length k corresponding to A;.

Analogously, if B=PAP™!, with A in Jordan Canonical Form, having blocks
A4, ..., A;, with sizes k; through k;, respectively, then the columns of P form a
collection of fundamental sequences of generalized eigenvectors {vi1,Vvia,. .., Vik, },
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{Va1, Va2, ., Vary by o ooy { Vi1, Vi, . . ., Vig, } for B of lengths k1, .. ., k;, respectively,
each for its appropriate eigenvalue.

EXAMPLE 5

Let
210 3 -1 1
A=1]020 and P=| 5 -3 2/,
003 -2 1 -1
and let
4 —4 -7
B=PAP ! = 3 -5 —13
-1 3 8

The eigenvalues of A (and B) are clearly A\ = 2 and Ay = 3.

Now, by examining the two Jordan blocks of A, we see that the columns of P
form two fundamental sequences of generalized eigenvectors {vi1,vi2} and {va;},
for Ay and Ay respectively, with vi; = [3,5,—2], vio = [-1,-3,1], and vg; =
[1,2,—1]. Notice that

4 —4 -7 3 6 3
Bvi = 3 =5 —13 5l =| 10| =2 5| = A\ivie,
-1 3 8 —2 —4 —2
and that
4 -4 77 T-1
Bviy, = 3 -5 —13 3| =1-1
-1 3 8 1
—1 37
=2 -3+ 5| =Mviz + V1L
1 -2 |
Also,
4 —4 -7 1 3 1
BV21 = 3 -5 —13 2 = 6 =3 2 :)\2V21.
-1 3 8 -1 -3 -1

We leave it for you to verify that (B — 2I3) vi; = 03, (B — 2I3) via2 = vi1,
(B- 213)2 viz = 03, and (B — 3I3) va; = 03 (see Exercise 7(a)). [ ]

» Every Complex Matrix is Similar to a Matrix in Jordan Canonical Form

When we were diagonalizing matrices in Section 5.6, our goal for a given matrix C
was to find a basis of fundamental eigenvectors for C. We found that the vectors of
this basis become the columns of a matrix P so that P~'CP is diagonal. Now, to
“Jordanize” a matrix B, we try to find a basis consisting of fundamental sequences
of generalized eigenvectors in order to build a matrix P so that P"'BP is in Jordan
Canonical Form.

The main result in this section is:

THEOREM 1
Let B be an n X n matrix with complex entries. Then there exist n X n matri-
ces P and A with P nonsingular and A in Jordan Canonical Form such that

A =P !BP (and hence, B = PAP~1). Moreover, the matrix A is unique,
except for the order in which the Jordan blocks appear along the main diagonal.
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Theorem 1 asserts that every complex matrix is similar to a matrix in Jordan
Canonical Form. We will not prove this theorem. However, the idea behind the
proof is to show the existence of a fundamental sequence of generalized eigenvectors
{Vvi1,..., Vit } associated with each eigenvalue \; of B such that Bv;; = A;v;; and
Bvij = A\ivij+v;(i—1) for 2 < j < k;. The vectors in these sequences constitute the
columns of P. Exercise 20 proves the uniqueness claim in the theorem, assuming
the existence of Jordan Canonical Form (see the comment in Exercise 20(g)).

It is straightforward to show that if two matrices C and D have Jordan Canon-
ical Form matrices with identical blocks (in any order), then C and D are similar.
(See part (d) of Exercise 8, as well as Exercise 15 which extends this result.) It
is also easy to prove the inverse of this statement using the uniqueness assertion
of Theorem 1 together with Exercise 15; that is, two matrices C and D are not
similar if there are Jordan Canonical Form matrices for C and D that have different
Jordan blocks (in any order).

» Finding a Jordan Canonical Form

The general idea behind the method for finding a Jordan Canonical Form for a
matrix is simple, but the details are often complicated to work out in practice. One
useful result, which we state without proof, is that the dimension of the generalized
eigenspace for a given eigenvalue always equals the algebraic multiplicity of that
etgenvalue. We begin with a basic example.

EXAMPLE 6 Consider the matrix
—12 13 —40
B = 17 —17 55
9 -9 29

We find a Jordan Canonical Form for B. You can quickly calculate that
p(7) =2° -3z -2 = (v +1)*(z - 2).

Thus, the eigenvalues for B are Ay = —1 and A2 = 2. We must find the sizes of
the Jordan blocks corresponding to these eigenvalues, and a sequence of general-
ized eigenvectors corresponding to each block. Now, the Cayley-Hamilton Theorem
(Theorem 5.29 in Section 5.6) tells us that pg(B) = O3. We factor pg(B) to obtain
pe(B) = (B +I3)° (B — 2I3) = O3.

We begin with the eigenvalue A\; = —1. Let

~14 13 —40
D=B-2I;)=| 17 -19 55
9 —9 27

Then (B +13)° D = Og.
Next, we search for the smallest positive integer k such that (B + Ig)k D = 0O:s.

Now,
15 =30 75
B+I3)D=| —-15 30 -75 | # Os,
-9 18 —45

while, as we have seen, (B + 13)2 D = Os3. Hence, k = 2.
Notice that, given any vector v, (B + I3)? [(B — 2I3) v] = 0. Hence, if (B — 2I3) v

is nonzero, (B — 2I3) v is a generalized eigenvector corresponding to A\; = —1. Since
(B +13) [(B +1I5) D] = O3, each column of (B + I3) D is in the kernel of (B + I3),
and is thus a generalized eigenvector for B corresponding to A\ = —1.

We choose a linearly independent subset of columns of (B + Is) D that contains
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as many vectors as possible, in order to get as many linearly independent general-
ized eigenvectors as we can. Since all of the columns are multiples of the first, the
first column alone suffices. Thus,

Vi1 = [15, 715, *9]

A natural inclination here is to simplify vi; by multiplying every entry by %
However, we need to be careful when making such adjustments. We can only multi-
ply a generalized eigenvector by a scalar if we multiply every generalized eigenvector
in the same fundamental sequence by the same scalar. We must therefore postpone
such considerations in this case until vis is determined. .

Next, we work backwards through the products of the form (B + Ig)kﬂ D for
4 running from 2 up to k, choosing the same column in which we found the gener-
alized eigenvector vi1. Because k = 2, the only value we need to consider here is
7 = 2. Hence, we let

Vig = [714, 17, 9},

the first column of (B + :[3)(272) D = D. Since the entries of vi5 are not exactly
divisible by 3, we do not simplify the entries of vi; and vi5 here.

Now by construction, (B 4+ I3)vis = vi; and (B+1I3)vy; = 0. Hence, vi
and vio are generalized eigenvectors for A\;. From our observation just before this
example, the dimension of the generalized eigenspace for \; equals the algebraic
multiplicity of A1, which is 2. Thus we can stop our work for A\; here, since v1; and
vig form a basis for the generalized eigenspace for A\;. We therefore have a fun-
damental sequence {v11,vi2} of generalized eigenvectors corresponding to a 2 X 2
Jordan block associated with Ay = —1 in a Jordan Canonical Form for B.

To complete this example, we still must find a generalized eigenvector corre-
sponding to Ay = 2.

Recall that pg(B) = (B — 2I3) (B + I3)* = Oj. Let

18 9 —45
D=B+I3)*>=| 36 —18 90
18 —9 45

Then (B — 213) D= 03.

Next, we search for the smallest positive integer k such that (B — QIg)k D =0s;.
However, it is obvious here that k£ = 1.

Since k —1 = 0, (B — 213)k71D = D. Hence, each nonzero column of D =
(B + 13)2 is a generalized eigenvector for B corresponding to Ay = 2. In particular,
the first column of (B + I3)* serves nicely as a generalized eigenvector vo; for B
corresponding to Ay = 2. No further work for \s is needed here because Ao = 2 has
algebraic multiplicity 1, and hence only one generalized eigenvector corresponding
to Ag is sufficient. Since there are no other generalized eigenvectors for Ao, we can
simplify vo; by multiplying by 1—18, yielding

Va1 = [_17 2a 1]

Thus, {v21} is a sequence of generalized eigenvectors corresponding to the 1 x 1
Jordan block associated with Ay = 2 in a Jordan Canonical Form for B.

Finally, we now have an ordered basis (v11, V12, va1) of generalized eigenvectors
for B. Letting P be the matrix whose columns are these basis vectors, we find that

-1 5 —-117[-12 13 —40 15 —14 —1
P'BP = 5| -3 6 —15 17 =17 55| | =15 17 2
18 =9 45 9 -9 29 -9 9 1
-1 10
=] 0-10],
0 02
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which gives us a Jordan Canonical Form for B. Note that we could have used
the generalized eigenvectors in the order vo1,vy1,Vvis instead, which would have
resulted in the other possible Jordan Canonical Form for B,

2 0 0
0 -1 1
0 0 -1

» Basic Method for Finding a Jordan Canonical Form

We summarize the basic method below. However, we will see that adjustments to
this method must be made if the matrix has two or more Jordan blocks of different
sizes corresponding to the same eigenvalue. Those adjustments are illustrated in
Example 8.

Basic Method for Finding a Jordan Canonical Form for a Given
Square Matrix (JORDAN FORM METHOD)

Suppose B is a square matrix with characteristic polynomial pg(z) =
(x—A)™ - (z—N)™, where A1, ..., )\ are the distinct eigenvalues of B.

Step A: For each eigenvalue )\; in turn, perform the following:
Step Al: Let D be the matrix

(B = AML)™ (B = X\1L)™ ™ (B = A1 L)™ - (B — NI,)™.

That is, D is the product of the factors of pg(B) with the factor (B — \;I,)™
missing.

Step A2: Find the smallest positive integer k such that (B — )\Z-In)]C D=0,.
(The Cayley-Hamilton Theorem states that pg(B) = (B — \1,)"" D = O,
and so k < m;.)

Step A3: Choose a set viy,...,V, consisting of as many linearly indepen-
dent columns of (B — A;I,)* "' D as possible (that is, so that no larger set of
columns is linearly independent).

Step A4: For 1 <t < s, and for each j in turn from 2 up to £, let v¢; be the
column of (B — /\iIn)k_j D corresponding to the column in which v4; appeared
in (B—X\I1,)" ' D.

Step A5: Assemble the s separate fundamental sequences of generalized
eigenvectors, each of length k, consisting of {vi,..., v}

Step A6: If the total number of generalized eigenvectors in all fundamental
sequences corresponding to \; equals m; (the algebraic multiplicity of A;), then
the process for this eigenvalue is finished. Otherwise, perform the adjustment
process for \; described later in this section.

Step B: Form the matrix P whose columns consist of all the fundamen-
tal sequences of generalized eigenvectors found in Step A (keeping the vectors in
each sequence together and in order). Then A = P~!BP is a Jordan Canonical
Form matrix similar to B with Jordan blocks along its main diagonal. Each
block corresponds to a fundamental sequence of generalized eigenvectors for a
particular eigenvalue.
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The next example illustrates the method with a matrix having two Jordan blocks
of the same size corresponding to the same eigenvalue.

EXAMPLE

7

Consider the 4 x 4 matrix

-7 -2 6 12

2 -2 -3 —6

B= 4 3 -8 —-10
-3 -2 4 5

We will follow the Jordan Form Method to find a Jordan Canonical Form matrix
similar to B.
Now,
pe(z) = 2* + 122° 4 542 + 108z + 81 = (z + 3)*.

Therefore, B has only one eigenvalue, A = —3, having algebraic multiplicity 4.
Thus, we must find 4 generalized eigenvectors for A. Note that by the Cayley-
Hamilton Theorem, pg(B) = (B + 3L,)* = (B + 31,)*1, = O,.

Step Al: Let D =14.

Step A2: We search for the smallest positive integer k such that (B +3I,)*D =
0O,. Computing successive powers of (B + 314), and multiplying by D, yields

-4 -2 6 12
2 1 -3 —6

(B+31,)D = (B + 3L, = 13 5 10l
-3 -2 4 8

and (B + 314)2D = Q4. Thus, k = 2.

Step A3: Each column of (B + 3I4)D is a generalized eigenvector for B cor-
responding to A = —3. We choose a linearly independent subset of columns from
(B + 3I4)D that is as large as possible, in order to get as many linearly indepen-
dent generalized eigenvectors as we can. Let vi; = 1%¢ column of (B + 3I14)D. The
second column of (B + 3I4)D is not a scalar multiple of the first, so we let vo; =
274 column of (B + 314)D. However,

37“(1 CO]U.IHD Of (B =+ 314)D = —2V11 + Vo1,
4™ column of (B + 3I,)D = —4vy; + 2va,

and so {vi1,va1} is a set containing as many linearly independent columns as
possible. Thus, so far, we have found two generalized eigenvectors:

Vi1 = [745 27 47 73] a’nd Vo1 = [727 1’ 3’ 72]

Step A4: Because k = 2, we only need consider j = 2. Now (B + 3I,)?~2D =
D. Choose vi3 and vas as the first two columns of D, respectively; that is, let

Vig = [1707 07 0] and Voo = [07 17 07 0]

ThUS, (B + 3I4)V12 = Vi1 and (B + 3I4)V22 = V21.

Step A5: This gives us two fundamental sequences of generalized eigenvectors;
{v11,vi2} and {va1,vaa}, each corresponding to a 2 x 2 Jordan block for A = —3
in a Jordan Canonical Form for B.

Step A6: Since A = —3 has algebraic multiplicity 4, and we have 4 generalized
eigenvectors, we are finished.

Step B: We now have (vi1,Vi2,Var, vas), an ordered basis of generalized eigen-
vectors for B. Letting P be the matrix whose columns are these basis vectors, we
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find that
00 —2 -3 -7 -2 6 12 41 -20
10 -2 —4 2 -2 -3 -6 20 11
-1 o
PBP = 00 3 4 4 3 -8 —10 40 30
|01 1 2 -3 -2 4 5 -30-20
-3 1 0 0
_ 0-3 0 O
o 0 0-3 1|’
0 0 0 -3
which is a Jordan Canonical Form for B. [ |

Example 8 below illustrates an “adjustment” process that must be used to find
a Jordan Canonical Form when there are two (or more) Jordan blocks of different
sizes for the same eigenvalue. The problem here is that when dealing with such
an eigenvalue, the fundamental sequences corresponding to smaller Jordan blocks
are hidden during the computation of longer fundamental sequences. Hence, after
finding the longer sequences, an adjustment must be made to the given matrix to
allow the shorter sequences to be found. The formal method for this adjustment
process can be found directly after the example.

ExAMPLE 8 Let
-9 -2 4 8 -18
-38 —1 20 28 -—78
B=| -58 -9 25 56 —131
-89 —12 38 89 —210
—43 —6 18 44 —-103

A lengthy calculation yields
pe(z) =2° —2* —62% + 142° — 112+ 3= (z — 1)* (2 + 3).

Therefore, the eigenvalues for B are A\ = 1 and Ay = —3.

Step A: We begin by finding generalized eigenvectors for Aj.
Step Al: pg(B) = (B —1I5)" (B +3I5) = O5. We let D = B + 3I;.
Step A2: We calculate as follows:

-6 -2 4 8 -—18
—38 220 28 78
D= |-58 -9 28 56 —131 |,
-89 —12 38 92 —-210
—43 —6 18 44 —-100

34 —8 12 32 —68
6 24 28 —96 140
(B-1I;)D = | =53 —4 30 16 —58 |,
~16 16 32 —64 80
—2 812 —32 44

240 —16 0 16
—72 0 48 0 —48

(B-1;)°D = 120 -80 81,
—48 0 320 —32
—24 0 16 0 —16

and (B —I5)° D = Os. Hence k = 3.
Step A3: Each nonzero column of (B — I5)2 D is a generalized eigenvector for
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B corresponding to A\; = 1. We let
vy = [24, 72,12, —48, —24],

the first column of (B —I5)* D. (We do not divide by 12 here since not all of the
entries of the vectors vis and vi3 calculated in the next step are divisible by 12.)
Notice that the other columns of (B — I5)2 D are scalar multiples of vi1, so we have

found as many linearly independent eigenvectors as possible at this stage.
Step A4: We let

vip =[-34,6,-53,—16,—2] and vi3 = [—6,—38,—58, —89, —43],

the first columns of (B — I5) D, and D, respectively. Hence, (B — I5)vis = vi1,
and (B — 15)2 viz = vi1. Thus we have our first fundamental sequence of general-
ized eigenvectors, {v11, Vi, vis}, corresponding to a 3 x 3 Jordan block for \; = 1.

Steps A5 and A6: We have one fundamental sequence of generalized eigen-
vectors consisting of a total of 3 vectors. But, since the algebraic multiplicity of A\;
is 4, we must still find another generalized eigenvector. We do this by making an
adjustment to the matrix D.

Recall that each column of (B — 15)2 D is a scalar multiple of vi;. In fact,

15t column of (B—1I5)°D = 1vyy = fivi,
27 column of (B—1I5)°D =  Ovyy = fovis,
374 column of (B—1;)°D = —2vy; = f3vi,
4th column of (B—15)°D =  Ovyy = fuviy,
5t column of (B —~15)°D = 2vi; = fsvi,

where the f;’s represent the respective coefficients of vi;. We create a new matrix F
whose i*" column is f;v13. Then, since v;3 is the first column of D, (B — 15)2V13 =
v11. Thus, for each i, (B — 15)2fiv13 = fiv11, and so (B — I5)2 F=(B- 15)2 D.
Let D; = D—F. Clearly, (B — I5)2 D; = O5. We now revisit Steps A2 through A6
using the matrix D, instead of D. The purpose of this adjustment to the matrix
D is to attempt to eliminate the effects of the fundamental sequence of length 3,

thus unmasking shorter fundamental sequences.
Step A2: We have

0 -2 0 8 —14 |
16 158
0 2 -9 12
_ c yard
D; = |0 -9 -2 56 —2L |
0 —12 -8 92 42
32 214
[0 =6 =% 44 =57 |
[ 32 136 |
0 -8 -3 32 -1
0 24 32 —96 136
B-I;)Dy = |0 —4 -3 16 -/,
0
K

and (B — 15)2 D; = O5. Hence k = 2.

Step A3: We look for new generalized eigenvectors among the columns of
(B—1I5)D;. We must choose columns of (B —1I5)D; that are not only linearly
independent of each other, but also of our previously computed generalized eigen-
vectors. However, each column of (B —1I5)D; is a scalar multiple of vi;. In
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particular,
1%t column of (B—1I5)Dy =  0viy = g1vi1,
2"? column of (B—1I5)Dy = —3vii = govii,
3" column of (B—1I5)D; = —gvii = gsvii,
4" column of (B—I5)Dy =  3vii = g4vi1,
5" column of (B—1I5)Dy = —ilvyy = gsvyy,

where the g;’s represent the respective coefficients of vq;.

Thus, D produced no new generalized eigenvectors for ;. Actually, this was
to be expected, since we only needed one more generalized eigenvector, and if we
found one at this stage, it would be part of a sequence of length k& = 2. However, we
still use Dy for our next adjustment. We create a new matrix G whose i*" column
is g;vi2. Then, since (B —I5)vis = vy, we see that (B —1I5)G = (B —I5) Dy,
implying that (B —I5) (D; — G) = Os. Let D; = D; — G. We now revisit Steps
A2 through A6 using the matrix Ds.

Step A2:
0 _40 _ 136 160 _ 704
3 9 3 9
8 124
0 4 -3 20 =
Dy= | _80 _308 380 _ 1732
3 9 "3 9
0 _52 _256 340 _ 1628
3 9 '3 9
0 —20 _104 140 _ 676
L 3 9 3 9

and (B —I5) Dy = Os. Hence k = 1.

Step A3: Notice that the 2% column of D5 is not a scalar multiple of v;;. Thus,
we let vo1 = —% (2"d column of Dg), where we have multiplied by —% to simplify
the form of the vector. That is,

var = [10,—3,20,13,5].

Step A4: Because k = 1, the generalized eigenvector vo; for A\; corresponds to
a 1 x 1 Jordan block. We do not need to find more vectors in this sequence.

Step A5: We now have the following two fundamental sequences of generalized
eigenvectors: {vi1,via, viz}, and {va;}.

Step A6: Thus, we have now found 4 generalized eigenvectors for B correspond-
ing to A; = 1. Since the algebraic multiplicity of A; is 4, we are finished with this
eigenvalue. Note, by the way, that the remaining columns of D5 do not produce
any more generalized eigenvectors independent of vi; and va; since

37 column of Dy = %VH — 1—96V21,
4th column of D2 = 7%V11 + 2—:?V21,
5th column of D2 = Vi1 — QT:VQL

Finally, we need to find one generalized eigenvector for B corresponding to Ay =
—3. We start Step A for this eigenvalue.

Step Al: Since pp(B) = (B+3I;) (B —1I5)" = Os, each nonzero column of
(B —1I5)" is an eigenvector for B corresponding to Ay = —3. Let D = (B — I5)™.

Step A2: Now,

0 0 0 0 0

2816 512 —1024 —3328 7424

D=(B-1I;)"= | 2816 512 —1024 —3328 7424
5632 1024 —2048 —6656 14848

2816 512 —1024 —3328 7424
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and (B +3I5) D = Os. Thus, k= 1.
Step A3: All columns of D are scalar multiples of the first column. Hence, we

let v31 = 53 (1% column of D); that is,

V31 = [0, ]., ]., 2, 1]

Steps A4, A5, and A6: Since the algebraic multiplicity of Ao is 1, and we have
found one generalized eigenvector, namely vs;, we have finished Step A for A\s. The
fundamental sequence of generalized eigenvectors is {v3; }, corresponding to a 1 x 1
Jordan block for Ay = —3.

Step B: We now have the ordered basis (v11, V12, V13, Va1, v31) for C5 consisting
of 3 sequences of generalized eigenvectors for B. If we let P be the matrix whose
columns are the vectors in this ordered basis, then we obtain the following Jordan
Canonical Form for B:

1100 0
0110 0
A=P'BP=|0010 0
0001 0
0000 —3

Here is a formal step to be added to the Method if Step A6 does not produce
enough generalized eigenvectors:

Adjustment Process (if necessary) for Step A6 of the Method
Suppose we have already found the fundamental sequences
{vi1,vig,.- -}, -, {Vs1, Vsa,...} of generalized eigenvectors for B corre-
sponding to A;. Also suppose D is the most recent matrix used in Step Al, and
that k is the smallest positive integer such that (B — )\iIn)]C D=0,.

For each ¢, express the ¢'" column of (B — )\iIn)(kfl) D as a linear combi-
nation of vi1,...,vg; that is, solve for fi,..., fs; such that the ¢** column of
(B-— )\iIn)(k_l) D equals figvii + - + fsqVs1-

Let F be the matrix whose ¢** column equals figvik + -+ feqVek-

Let D; = D — F. By construction, we will have (B — )\iIn)(kfl) D; =0,,.

Then follow Steps A2 through A6 of the Method using the new matrix D,
in place of D.

The Jordan Canonical Form for a matrix is important because every square matrix
with complex entries has such a form. There are no “nonJordanizable” matrices.
One application of the Jordan Canonical Form is to extend the method for solving
homogeneous systems of linear differential equations discussed in Section 8.8 of the
textbook so that the complete solution set can be found for every such system. The
details of this appear in a section entitled “Solving First Order Systems of Linear
Homogeneous Differential Equations,” that is part of these additional companion
“websections” for the textbook.

» New Vocabulary

fundamental sequence of generalized eigenvectors
generalized eigenspace

generalized eigenvector

Jordan block

Jordan Canonical Form
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e A Jordan block for an eigenvalue A is a square matrix with every main diagonal

entry equal to A, every entry immediately above the main diagonal equal to
1, and every other entry equal to 0.

A square matrix is in Jordan Canonical Form if and only if it can be broken
into blocks (submatrices) in such a way that the blocks along the main di-
agonal are Jordan blocks, and all other blocks are zero matrices. That is, a
matrix A is in Jordan Canonical Form if

A, O --- O
O A, - O

A= . . . . 3
O O --- A,

where each A; is a Jordan block.

If X is an eigenvalue for a square matrix B, then a nonzero vector v in C"
is a generalized eigenvector for B corresponding to A if and only if there is a
positive integer k such that (B — /\I)k v=0.

If A is an eigenvalue for a square matrix B, the generalized eigenspace for B
corresponding to A is the set of all generalized eigenvectors for B correspond-
ing to A along with the zero vector.

If X is an eigenvalue for a square matrix B, a sequence of nonzero vectors
Vi,...,Vy for B such that Bvy = Avy, and Bv; = Av; + v, for 2 <i <k,
is called a fundamental sequence of generalized eigenvectors for B of length
k corresponding to A.

Every square matrix with complex entries is similar to a matrix in Jordan
Canonical Form.

The Jordan Canonical Form for a given square matrix is unique except for
the order in which the Jordan blocks appear on the main diagonal.

A formal Method, together with examples in the text, illustrates how to
use the Cayley-Hamilton Theorem (Theorem 5.29 in Section 5.6) to find
fundamental sequences of generalized eigenvectors for a square matrix B
corresponding to an eigenvalue A of the form {v;i,v;o,..., vt} such that
(B—AI)’ v;; =0 for 1 < j < k. Each such fundamental sequence is associ-
ated with a k x k Jordan block corresponding to A in a Jordan Canonical Form
matrix for B. The total number of vectors in all such fundamental sequences
for A equals the algebraic multiplicity of .

If X\ is an eigenvalue for a square matrix B, and if the Jordan Canonical Form
for B has two or more Jordan blocks of different sizes for A, an “adjustment”
process must be used (as summarized after Example 8) in order to find a
complete set of fundamental sequences of generalized eigenvectors for .
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1. Verify the following claims from the paragraph following Example 1:

a) Show that if A is a k x k£ Jordan block associated with eigenvalue A,
then e; =[1,0,...,0] spans the eigenspace for A corresponding to A.

b) Show that A is a k x k Jordan block associated with eigenvalue A if and
only if the following two conditions hold: Ae; = Aeq, and for 2 < i < k,
Aei = /\ei +e_1.

% c¢) Show that if A is a k x k Jordan block associated with eigenvalue A, then
(A - \L,)" = 0.

2. Verify the following claims from the paragraphs after Example 2:

a) Suppose that A is a k x k Jordan block matrix with diagonal entry

A and B = PAP ™! for some nonsingular matrix P. Let vy, ..., vy be
the columns of P. Show that Bv; = Avy, and Bv; = Av; + v;_ for
2<i<k.

b) Suppose B is a given k X k matrix, and vy, ..., v is a linearly indepen-

dent sequence of vectors such that Bvy = Avy, and Bv; = Av; +v;_1
for 2 < i < k. If P is the (nonsingular) matrix whose i*" column is v;,
show that A = P~'BP is the k x k Jordan block associated with the
eigenvalue \.

3. Suppose B is a given kX k matrix, and that vy, ..., vy is a linearly independent
sequence of vectors such that Bvy = Avy, and Bv; = Av;+v,;_; for 2 <i < k.

a) Show that (B — )\Ik)ivi =0 for1 <i<k.

b) Show that every vector v in C* has the property (B — )\Ik)i v = 0 for
some %, where 1 <17 < k.

4. In each part, list all possible matrices in Jordan Canonical Form having the
given polynomial as its characteristic polynomial. Place brackets around each
Jordan block in each matrix. Also, indicate which of the matrices in your list
are similar to each other.

* a) (z—2)°(z+1) * d) z* 4 423 + 422
b) 22 +2 -6 e) =4
* ¢) 22 +6x+ 10 * f) 2% — 322 -4

5. If you have a calculator or software package available to perform matrix com-
putations, use it to trace through all of the computations in Example 8 in
this section. Conclude these computations by verifying that P~'BP = A for
the given 5 x 5 matrix B and the computed matrices P and A. (This exercise
is too tedious without a calculator or appropriate software.)

6. In each part, find a matrix A in Jordan Canonical Form similar to the given
matrix B. Also, specify a matrix P such that P~'BP = A.

-9 58
* a)B=| -4 3 4
-84 7
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6 -2 -3
b) B= | —14 14 13
23 —19 —19
(Hint: pp(z) = 2® — 22 — 82+ 12 = (z — 2)* (z + 3))
[ 5 -3 —6
oB=| 7 -5 14
2 2 6
[ 8 5
*x dB=|-5 -3 -1
10 7
[ —4+51 2—21 1—2
e) B=| —8+6i 4—2i 2—3i | (Hint: pg(z) = 23 — 2iz? — z)
4 2% i
[—-12 5 —11 —10
-7 3 -7 =8
DB=1 15 6 u
4 1 -4 -3
(Hint: pp(z) = 2* — 223 — 322 + 4z + 4 = (z — 2)* (x + 1)°)
[ 3 2 -1 53
-8 2 7 -21
*x ggB=| 0-3 -4 63
4 1 3-11
02 -2 41

(Hint: pg(x) = 2 + 5z* + 102® + 102% + 5z + 1 = (z + 1)5)

7. Let A, B, P, vy, vi2, and vo; be the matrices and vectors given in Example
5.

a) Verify by direct computation that (B — 2I3)vy; = 03, (B —2I3) vig =
Vi1, (B - 213)2 Vig = 03, and (B - 313) Vo1 = 03.

% b) Use the technique illustrated in the examples to find a Jordan Canoni-
cal Form for B, along with vectors uji, ujo, and us; that the method
produces. (Note that ui1, uje, and ug; could be different than vy1, via,
and vo;.) If Q is the matrix having columns uj1, uyz, and ugy, verify
that B = QAQ ™.

C) Verify that (B — 213) up; = 03 and (B — 213) Ui = uq1g.

d) Note that u;; = —vy;. Explain why the second equations in parts (a)
and (c) together imply that the sum of ujo and vis is either the zero
vector or an eigenvector for B for A\; = 2. Verify this.

e) Verify that ug; differs from vy by an eigenvector for B for Ay = 3.

8. This exercise proves the similarity of Jordan Canonical Form matrices having
identical blocks.

a) Suppose R is a Type (III) row operation, and that E = R(I,). Prove
that E=E~! = ET. (Hint: Use Theorem 2.1 and Theorem 6.7.)

b) Let R and E be as given in part (a), and let A be an n xn matrix. Prove
that R(A) = EA.

c) Let R, E, and A be as given in part (b). If R swaps rows ¢ and j of A,
show that AE™! is the matrix obtained from A after swapping columns
1 and j.
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d) Show that if two Jordan Canonical Form n x n matrices C and D have
identical blocks, but in a different order, then C and D are similar. (Hint:
We need to reorder both the rows and columns of one of the matrices,
say, C, to match those of the other. Consider a sequence Ry, R, ..., Rg
of Type (III) row operations that reorders the rows (only) of the Jordan
blocks of C in such a way so that the rows of Ry (- (R2(R1(C))) )
are re-positioned to match the corresponding rows of D. For 1 < i <k,
let E; = R;(I,). Use the results of parts (a), (b), and (c) to show that
(Ep---EyE1)C(E---EyE) ' =D)

. Show that if A is an n x n matrix with pa(z) = (z — \)", then every nonzero
vector in C" is a generalized eigenvector for A corresponding to A.

(The results in this exercise are needed as lemmas for several of the exercises
below.) Let A be an n X n matrix.

% a) If a and b are scalars, prove that (A + al,,) and (A + bL,,) commute.

* 11

12.

13.

14.

15.

% 16.

17.

b) If @ and b are scalars, an_d k and j are positive integers, prove that
(A +al,)* and (A +bI,)7 commute.

. Suppose that A is an n X n matrix and that A is an eigenvalue for A having
algebraic multiplicity «. Suppose that B is a matrix in Jordan Canonical
Form that is similar to A. Finally, suppose that J is a Jordan block in B
corresponding to A. Prove that J has size m x m, for some m < a. (The
result in this exercise is needed as a lemma in Exercise 19(b) below.)

Let A be an n X n matrix and let A\; and Ay be distinct eigenvalues for
A. Show that a nonzero vector v cannot be a generalized eigenvector for A
corresponding to both A; and A;. (Hint: Use the results proven in Exercise
10. Compare this result to Exercise 15 in Section 5.6.)

Let A be an n x n matrix and let vy,..., vy be generalized eigenvectors for
A corresponding, respectively, to distinct eigenvalues Aq, ..., A of A. Prove
that the set {vy,...,vg} is linearly independent. (Hint: First note that
Exercise 12 implies that the vectors vi,..., vy are distinct. Compare this
result with Theorem 5.23 in Section 5.6.)

Let A be a k x k Jordan block associated with eigenvalue A, and suppose that
B # A. Prove that (A — 1)’ is nonsingular for every positive integer j.

Prove that two square matrices A and B are similar if and only if they are
both similar to the same matrix C in Jordan Canonical Form. (Hint: Use
Exercises 13(d) and 13(e) in Section 3.3.)

(The result in this exercise is needed for Exercise 20 below.) Let A be an nxn
matrix, let P be a nonsingular n x n matrix, and let g(x) be a polynomial
in 2. Prove that if B = P~1AP, then ¢(B) = P 1¢(A)P. (Note that this
statement not only claims that ¢(B) and ¢(A) are similar, but also that the
same matrix P can be used to exhibit the similarity.)

(The note at the end of part (b) of this exercise is needed in the solutions for
Exercises 19 and 20.)

% a) Suppose A = {j:; j:;z
matrix, Ag; is an m X k matrix, and Ass is an m X m matrix. Prove
that A2 — [ Al +ApAs ApAis +ApAy

Agi A + AxnAsy AxAgr+ A3,

} , where A1y is a k X k matrix, Ajpisa k xm
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b) Suppose the matrix A in part (a) has the form A = [J(; JO ], where
2
J; and Jo are Jordan blocks. Use the result in part (a) to show that
2
A= ['{; JOQ ] (Note: We state the following useful generalization of
2

J O .- 0
0J, -0

part (b) here without proof: If A = | | . is a matrix in
OO0 - J,

Jordan Canonical Form, where Jy,...,J; are Jordan blocks, and ¢(z) is

¢(J) O - O

| 0 @) O
a polynomial, then ¢(A) = . :

O O - qJ)
18. Let A be an n X n matrix, and let A be an eigenvalue for A.

a) Prove that the generalized eigenspace for A corresponding to A is the
kernel of (A — AL,)’, for all j > p, for some positive integer p. (Hint:
First choose a basis {vy,...,v:} for the generalized eigenspace. Find a
p such that (A — AL,)’ v; =0, for all j > p and for 1 < i < ¢. This will
prove that the generalized eigenspace is contained in the desired kernel.)

b) Use part (a) to show that the dimension of the generalized eigenspace
for A corresponding to A is n—rank ((A — )\In)j> for all values of j > p.
(Hint: Use part (2) of Theorem 5.9.)

19. Suppose A is an n X n matrix having eigenvalue \ with algebraic multiplicity
a. Let q(x) = pa(z)/(x =N = (z — A1)™ - (2 — Xs)™, where Aq1,..., )\
are the remaining distinct eigenvalues of A, having respective algebraic mul-
tiplicities aq, . .., .

a) Show that if J is a Jordan block of A corresponding to the eigenvalue A,
then ¢(J) is nonsingular, and hence for each such ¢(J), its columns are
linearly independent. (Hint: Use Exercise 14 in this section and part (c)
of Exercise 15 in Section 4.5.)

b) Show that if J is a Jordan block of A corresponding to an eigenvalue
Ai # A, then ¢(J) = O. (Hint: Use Exercises 11, 1(c), and 10.)

c) If A is in Jordan Canonical Form, having m Jordan blocks, where the
first [ Jordan blocks J; through J; correspond to A, and the remaining
Jordan blocks J;41 through J,, correspond to eigenvalues not equal to

A, show that
_Q(Jl) O O O . .-- 0]
O ¢J) -+ O O o
O O O O ... 0_

(Hint: Use the generalization of Exercise 17(b) stated at the conclusion
of that exercise.)
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20. Asin Exercise 19, suppose A is an n X n matrix having eigenvalue A with alge-
braic multiplicity a. Let q(z) = pa(z)/ (z — A" = (x — A\)™ -+ (z — \s)™",
where A1,..., As are the remaining distinct eigenvalues of A, having respective
algebraic multiplicities aq, ..., as. For each integer k£ > 0, define

re(A) = rank ( (A —\,)"q (A)) .

a) Suppose B is similar to A. Then pa (z) = ps(x) (by Exercise 6 in Section
3.4), so A and B have the same eigenvalues with the same multiplicities.
Therefore, computing ¢(z), as above, results in the same polynomial if
we use the matrix B instead of the matrix A. Thus,

ro(B) = rank ( (B — L))" ¢ (B))

for each integer k > 0, using the same polynomial ¢(z) as was used for A.
Show that r(B) = r(A). (Hint: Consider the polynomial (z — \)¥q(z)
together with Exercise 16 above. Then use Exercise 16 in the Chapter
Review Exercises for Chapter 2 of the textbook.)

b) If A is in Jordan Canonical Form, show that ro(A) equals the dimension
of the generalized eigenspace for A corresponding to A. (Hint: Show that
both values equal . Use part (c) of Exercise 19 as well as Exercise 18.)

c) Use parts (a) and (b) to show that for the general (not necessarily Jor-
dan Canonical Form) matrix A (as given before part (a) above), the
value of 79(A) equals the dimension of the generalized eigenspace for A
corresponding to .

d) If A is in Jordan Canonical Form, prove that ro(A) — r1(A) gives the
total number of Jordan blocks of A corresponding to A. (Substantial
hints are given in the Answers to Selected Exercises.) [The result in
part (d) is also true for a general (not necessarily Jordan Canonical
Form) matrix A. This generalization can be proven in a manner similar
to the solution of part (c).]

e) If A is in Jordan Canonical Form, prove that ro(A) — r1(A) equals the
dimension of Ej, the eigenspace for A corresponding to A. (Substantial
hints are given in the Answers to Selected Exercises.) [The result in part
(e) is also true for a general (not necessarily Jordan Canonical Form)
matrix A. This generalization can be proven in a manner similar to the
solution of part (c).]

f) If A is in Jordan Canonical Form, prove that 75_1(A) — r,(A) gives the
total number of Jordan blocks of A corresponding to A having size at
least k x k. (Substantial hints are given in the Answers to Selected Ex-
ercises.) [The result in part (f) is also true for a general (not necessarily
Jordan Canonical Form) matrix A. This generalization can be proven
in a manner similar to the solution of part (c).]

% g) For the general matrix A (as given before part (a) above), prove that
the number of k x k Jordan blocks corresponding to A in any Jordan
Canonical Form for A is given by r_1(A)—2r;(A)+rk+1(A). [Note that
this exercise can be used to prove the uniqueness assertion in Theorem 1,
because it gives us a method of computing the number of Jordan blocks
of a given size for each eigenvalue. However, the proofs in this exercise
assume the existence of a Jordan Canonical Form matrix similar to a
given matrix, and so this exercise can not be used to prove the existence
claim in Theorem 1.]

h) Using a calculator or appropriate software to perform row reduction,
verify the formula in part (g) for the 5 x 5 matrix in Example 8 for each
of its eigenvalues, and for each appropriate value of k.
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% 21. True or False:

a) Every square complex matrix is similar to a Jordan block matrix.

b) The dimension of the generalized eigenspace corresponding to an eigen-
value A for a square matrix A equals the algebraic multiplicity of A.

c) The dimension of the generalized eigenspace corresponding to an eigen-
value \ for a square matrix A equals the geometric multiplicity of .

d) If a Jordan Canonical Form for a matrix A has at least two Jordan
blocks, then A has at least two different Jordan Canonical Forms.

e) If A is a square matrix, P and Q are nonsingular matrices, and J is in
Jordan Canonical Form such that P~'AP =J = Q 'AQ, then P = Q.

f) If A is an n x n matrix, then every vector in C™ can be expressed as a
linear combination of generalized eigenvectors for A.
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» Answers to Selected Exercises

(1) (c) By parts (a) and (b), (A —Ax)e; = O, and (A —N;)e; = €1
for 2 < i < k. We use induction to prove that (A — )\Ik)iei = 0;
for all 4, 1 < ¢ < k. The Base Step holds since we have already
noted that (A — AI;)e; = 0g. For the Inductive Step, we assume that
(A — AI)' " 'e;_1 = 0, and show that (A — AI;)"e; = ;. But

(A=A e, =(A—- ML) (A=A e = (A— ML) ey =0y,

completing the induction proof.
Using (A — )\Ik)i e; = 0;, we see that

(A = ML) e; = (A — ML) " " (A - ML) e; = (A — AL)" " 0,= 0,

for all 4, 1 <4 < k. Now, for 1 < i < k, the i*" column of (A — )\Ik)k
equals (A — /\Ik)k e;. Therefore, we have shown that every column of
(A — \I,)" is zero, and so (A — AI;)" = O,.

(4) Note for all the parts below that two matrices in Jordan Canonical Form
are similar to each other if and only if they contain the same Jordan blocks,
rearranged in any order.

(2 0 0 2] 0 0 [~1] 0 0
@ |02 of, |o0of[10/| | 0T o0
L0 0 [-1] 0 0 [2 0 0 [2
‘[2 1} 0 <1 00
02] ol,| o0 [21
00 [1] 0 [0 2]

The three matrices on the first line are all similar to each other. The two
matrices on the second line are similar to each other, but not to those
on the first line.
(c) Using the quadratic formula, 22 + 6z + 10 has roots —3 + 4 and —3 — 4,
each having multiplicity 1;
[—3 + ] 0 [-3 — 1] 0
d
[ 0 [-3-4q]™ 0 [-3+1 |
which are similar to each other

(d) o + 423 + 42% = 22(z + 2)%;

101 0 0 -2 1 00
00 0 0 0 —2 00
00 -2 1 ’ 0 0 01 ’

. 00 0 -2 0 0 00

which are similar to each other but to none of the others;

[ [0] © 0 0 0] 0 o o0 -2 17 0 0
0 [0] 0 O 0 [-2 1] 0 0-2] 0 O
0 0 [—-2 1 10 0 —-2] 0|’ 0 0 [0] O

0 0 0 -2 | 0 0 0 [0] 0 0 0 0]

which are similar to each other but to none of the others;

[0 1 0o o [[-21 oo 0 2] 0 00
00 0 0 0 |01 0 0 [-2] 00O
00 [-2] o0 |’ 0 [0O 0 |’ 0 0 |01 ’

| 00 0 [-2] | 0 00 [—2] 0 0 [0O0
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which are similar to each other but to none of the others;

=21 0 0 07 [[-2

0 [-2] 0 0 0

0 0ol ]| o
L 0 0 0 1[0] L O
o 0 0 07 [I0]
0 -2 0 0 0
0 02 0|0
Lo o ool Lo

0 0 07 [[-2]
0 0 0 0
0 =200/ | o
0o o o] L o
00 07 [0
2] 0 0 0
0 o]0
0 02 Lo

0

SRR

0 0

which are similar to each other but to none of the others

at =322 —4= (22 —4) (2 +1) = (z - 2) (z +2) (z —9) (x + i);

There are 24 possible Jordan Canonical Forms, all of which are similar
to each other. Because each eigenvalue has algebraic multiplicity 1, all
of the Jordan blocks have size 1 x 1. Hence, any Jordan Canonical Form
matrix with these blocks is diagonal with the 4 eigenvalues 2, —2, i, and
—i on the main diagonal. The 24 possibilities result from all the possible
orders in which these 4 eigenvalues can appear on the diagonal.

(6) One possible answer is given in each case.

({11 0 121
(a) A= 01 0 [P=(210
00 [-1] 021
3 0 0 1 2—i 243
dA=|0[1-i 0 |;P=]|-1 -3+i -3—i].
L0 0 [1+44] 1 1-2 142
[[-1 1 00 0 -21-20
0 —1 0 0 0 -8 0 31
(g) A= 00 [-1 1] 0 |:P=| 00-30
0 0 0 -1 0 -4 0 10
0 0 0 0 [~ 00 -20
(210 -3 1 -1
(b)y A=[020|;P=|-5 3 —2|. Hence, uj; = [-3,
(003 2 1 1
[1,3,—1], and usy; = [-1,-2,1]
(a) Now,
(A+al,)(A+0L,) = (A+al,)A+(A +al,) (0L,)

A% +al, A + A (b1,) + (al,) (bI,)

A% + GA+DA + all,
A% + bA+aA + bal,

A? 401, A + A (al,,) + (01,) (al,,)
(A +0bI,)A+(A 4 bL,) (al,)

(A +b1,)(A +al,,).

(11) Use the fact that pg(z) = pa(z) (Exercise 6 in Section 3.4) and that B is
upper triangular with m of its main diagonal entries being main diagonal
entries of J. Further details can be found in the Student Solutions Manual

for this section.
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(16) Let k be the degree of the polynomial g(z). Use induction on k. Note that
q(x) = ap 12" fagah - Farztag = (app12” + apet - ar) Tao.
The details of the proof can be found in the Student Solutions Manual for
this section.

(17) (a) Compute the (i,5) entry of A% in four separate cases: i < k, j < k;

1>k g <kyi<k, j>k >k, j>k. For further details, see the
Student Solutions Manual for this section.

(20) (d) Hints: Assume each Jordan block J; has size k; x k;. First consider the
case where the first { Jordan blocks (that is, Ji, ..., J;) of A represent all
of the Jordan blocks corresponding to A. Note that ¢(J;) = O, for ¢ > [
by Exercise 19. Consequently, by the block structure of (A — A\IL,) g(A),
we have

l
rank (A — ML) q(A)) = Y _rank ((J; — Aly,) ¢(J,)) .

i=1
Also note that for i </,
rank((J; — M,) ¢(J;)) = rank((J; — A\,))

by Exercise 16 in the Review Exercises of Chapter 2 since ¢(J;) is non-
singular in that case. Show that for ¢ <[,

rank ((J; — MIg,) ¢(J;)) = k; — 1.

Conclude that

l
ri(A) = rank ((J; — AIi,) ¢(J3) = a — L.

i=1

(e) Hints: Assume each Jordan block J; has size k; x k;. First consider the
case where the first [ Jordan blocks (that is, Jq,...,J;) of A represent
all of the Jordan blocks corresponding to A. Note that when i > [,
J; — M, is nonsingular by Exercise 14, and so dim(ker (J; — AI,)) = 0.
Consequently, by the block structure of A — AL,

l
dim(ker (A — AL,)) = ) _dim(ker (J; — Aly,)).

=1

For ¢ <, show that rank(J; — AI;,) = k; — 1. Use part (2) of Theorem
5.9 to conclude

l
> " dim(ker (J; — My,)) =1,

i=1
and use part (d).

(f) Hints: Assume each Jordan block J; has size k; x k;. First consider the
case where the first [ Jordan blocks (that is, Ji,...,J;) of A represent
all of the Jordan blocks corresponding to A. Note that for i < I, ¢(J;)
is nonsingular (with rank k;) by Exercise 19(a). Also note that, for 1 <
p § kia

rank((J; — M, )? ¢(J3;)) = rank((J; — A\, )")

by Exercise 16 in the Review Exercises of Chapter 2. Consider the nature
of the rows and columns of J; — AIk,, and use a proof by induction to
conclude that, for 1 < p < k;,

rank((J; — AI,)") = k; — p.
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(21)

(a)

Also note that for p > k;, (J; — M, )" is the zero matrix. In addition,
for i > 1, (J; — MIi,)” ¢(J;) = O for all p, by Exercise 19(b). Also,

m

rp(A) = rank (A — M,,)" g(A)) = > _rank ((J; — Mx,)" ¢(J5))

i=1
by the block structure of (A — AL,)” ¢(A), which reduces to

l

Zrank((Ji — AL;,)P).

i=1

Thus,

re—1(A) —rp(A) = Z (rank ((Ji - /\Iki)k_l) — rank ((Jl - /\Iki)k)) .

=1

Finally, show that if k; > k and 1 < i <[, then

rank ((Ji — /\Iki)k_l) — rank ((Jl — /\Iki)k) =1,
but if k; < k, then

rank ((Ji - /\Iki)k_l) — rank ((Jl — /\Iki)k> =0.

Conclude that rp_1(A)—ri(A) equals the total number of Jordan blocks
of A corresponding to A having size at least k x k.

The number of Jordan blocks having size exactly k x k is the number
having size at least k x k minus the number of size at least (k+ 1) x
(k+1). By part (f), 75—1(A) — rx(A) gives the total number of Jordan
blocks having size at least kX k corresponding to A. Similarly, the number
of Jordan blocks having size at least (k + 1) x (k 4+ 1) is rp(A) —rp4+1(A).
Hence the number of Jordan blocks having size exactly k& x k equals

(ri—1(A) =rx(A)) = (rk(A) = r41(A)) = 751 (A) = 2k (A) + 7442 (A).

F (b) T (¢) F d) F (e) F (f) T
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Solving First Order Systems
of Linear Homogeneous Dif-
ferential Equations

Prerequisites: Web Section on Jordan Canonical Form; Section 8.8, Differential
Equations

In Section 8.8 of the textbook, Theorem 8.9 gives the complete set of continuously
differentiable solutions for the linear first order system of differential equations
F/(t) = AF(¢) when the matrix A is diagonalizable. However, if the matrix A is
not diagonalizable, then the technique described there fails to provide all of the
solutions to the system. However, since every matrix A can be placed in Jordan
Canonical Form, we now describe a technique that uses this form to completely
solve the first-order system.

The concept behind the technique is based upon Lemma 8.8 in Section 8.8,
which states that all continuously differentiable solutions to f’(t) = af(t) are of
the form f(t) = be® for some constant b. Thus, we might expect solutions of the
system F’(t) = AF(t) to be of the form F(t) = eAtc, for some constant vector c,
assuming that we can define the expression et appropriately.

Suppose A is an n X n matrix, and let A be an eigenvalue for A (possibly complex)
with corresponding %eneralized eigenvector v. Then there is a positive integer k
such that (A — A\L,)" v = O,,.

Next, recall that e! can be expressed as the power series

tJ 1 1
t _ - 2 34 ...
e—E il 1—|—t—|—2t —|—6t+ .

§=0
Assuming an analogous formula for e? would lead to

oAty — ALitA-AL)Ly,

Alnt (A=At

o (3o (AL

=0 7
— M i L;—j, ((A CALY v) .
§=0

But, (A — \I,,)’ v =0 for j > k, and so this would imply that

A%

k—1 t] )
eAMv=eMy 7 (A = AL, v.
j=0

This formula is useful because it only involves a finite sum of vectors rather
than an infinite series, and therefore motivates the following definition.
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DEFINITION

Let A be an n xn matrix with eigenvalue A\ and corresponding generalized eigen-
vector v. Suppose k is the smallest positive integer such that (A — /\In)k v =0.
Then we define eA*v by the formula

= '
ety = M Z 7 (A =L, v.
7=0

ExXAMPLE 1

Consider the matrix

5 6 —11
A=|-3 -6 20
-1 -3 10

In Exercise 1, you will be asked to show that pa (z) = (« — 3)*, and that v = [1,0, 0]

is a generalized eigenvector for A corresponding to A = 3, with (A — 313)3 v=0.
Then

2 .
) tJ .
EAtV = edt Z 7 (A - 313)] v
j=0
3t 2 2
= e 13v+t(A—313)v+5(A—3I3) v
(1] T2 6 —11 1 o [—3 -9 21 1
= 3t 0|+t| -3 -9 20 0+5 1 3 -7 0
| 0 ] | -1 -3 7 0 0 0 0 0
(17 2 , [ -3
3t 13
= e 0| +t| -3 +3 1
L 0 ] -1 0
1+2t— 3%
= | -3t+312 | €M
_t ]

> Solving a Linear First-Order Homogeneous System

Returning to our discussion of the first-order system F’(t) = AF(t), we expect the
solution set to be all vector-valued functions of the form F(t) = eAfc. Since we
have now defined eA*v in the case in which v is a generalized eigenvector for A, our
strategy will be to find an ordered basis (v, ..., v,) for C" consisting of generalized
eigenvectors for A, and express the constant vector ¢ as a linear combination of the
vectors in this basis; that is, c = c¢;vy + - -+ + ¢, V. Then,

F(t) = ciePtvy + - + cpePtvy,
where e®tv; is as defined above. The following theorem states that the set of all
functions of this form gives the complete solution set of the first-order system.
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THEOREM 1
Let A be an n x n matrix, and let (vy,...,v,) be an ordered basis for C"
consisting of generalized eigenvectors for A. Then the complete set of contin-
uously differentiable solutions for the first-order linear homogeneous system of
differential equations given by F'(t) = AF(t) is the set of all functions of the
form

F(t) = cie®vy 4 coePtvy + - + crettvy,,

for ¢1,...,c, € C.
In practice, the basis (vy,...,v,) in Theorem 1 is usually chosen so that if P
is the matrix whose columns are vi,...,Vv,, then P"'AP is in Jordan Canonical

Form. This is done for two reasons: first, because we have a process for finding
such a basis of generalized eigenvectors (the Jordan Form Method?), and second,
because the sequencing of the vectors makes it easier to compute (A — \I,,)? v; as
part of the calculation of eAtv;. This is demonstrated in Example 2 below.

In Exercise 8 you will be asked to show that every function of the form given in
Theorem 1 is indeed a solution to the first-order system. We omit the proof that

these are indeed all of the continuously differentiable solutions.

EXAMPLE

2

Consider the first-order system

/(1) —6 8 17 —6 28] [ f1(t)

J(t) -5 0 10 =5 20| | fo(t)
Ft)y=|fi@t)| =] 7 -2 -14 8 —28| | f3(t) | = AF(2).
1 (t) —6 =3 11 —4 24| | fut)

J(t) —7 2 15 =7 29| | f5(¢)

To solve this system, we begin by putting the coefficient matrix A into Jordan
Canonical Form using the Jordan Form Method.®
First, a lengthy calculation produces

pa(z) = 2° — 5zt + 1423 — 2222 + 172 — 5
= (x—1)3(x2—2$+5)
= (z—1)°(x— (142i) (z — (1 —20)).

Let Ay =1, Ao = 1+ 2¢, and A3 = 1 — 2i. Next, we follow Step A of the Jordan
Form Method for each eigenvalue in turn to find generalized eigenvectors associated
with these eigenvalues.

We begin with Ay = 1. We need to find three generalized eigenvectors for A
since this is the algebraic multiplicity of A;.

Step A1l: Since pa(A) = (A —1I5)* (A% —2A +51I5), we let D; = A2 —2A +
5I5. A short computation then yields

—28 —24 60 —28 128

0 0 0 0 0
8 —4 4 —16
-4 -4 8 0 16
-10 -11 19 -9 44

D,

I
IS

7See the web section on Jordan Canonical Form.
8Note that the Jordan Form Method calls the matrix “B,” while we have named it “A.”
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Step A2: We search for the smallest value of k such that (A —I5)* D, = Os.
A few short computations yield

8 20 —4 12 —32
0 0 0 0 0
(A-I;)D; = | -8 —12 12 —4 32|,
—8 —12 12 -4 32

4 8 —4 4 -16

[ —32 —48 48 —16 128
0 00 0 0
0o 00 o0 0],
0 00 0 0
—8 —12 12 —4 32

(A —1I5)°D,

and )
(A-T1;)°D; = O;.
Thus, k£ = 3.
Step A3: All columns of (A — I5)2 D; are multiples of the first column. Hence,
we choose the first column of (A — I5)2 D; to be vyy; that is, vi; = [—32,0,0,0, —8].
Step A4: Let vy be the first column of (A —I5) Dy, and let vq3 be the first

column of D;. To simplify matters, we divide all entries of these vectors by 4 to
obtain

Vi1 = [_850;0;0,_2],
Vig = [270a 725727 1}7

[-7,0,1,-1,-3].

and Vi3 3

Step A5: We have the single sequence {v11, V12, v13} of generalized eigenvectors
corresponding to A\; = 1. The following useful facts about vi1, vi2, and vi3 will
come in handy later:

(A-T5)via=vi, (A—T5)viz=via, and (A —TI5)°vi3 = vy,

Step A6: Because we have 3 generalized eigenvectors for Ay = 1 and the alge-
braic multiplicity of A1 is 3, we do not need to find any more generalized eigenvectors
corresponding to ;.

Next, we find the generalized eigenvectors for Ay = 1 4 2i. Since the algebraic
multiplicity of Ay is 1, we only need one generalized eigenvector for Ay. This will
be an actual eigenvector.

Step Al: We let Dy = (A — (1 — 2i)I5) (A —I5)>. A long but straightforward
calculation yields

96 + 72t 48 — 247 —192 — 1447 96 + 72t —384 — 288;

40¢ 16 + 8¢ —802 40¢ —1601
Dy=| -16—-72¢ —32—-8;i 32+ 1447 —16— 727 64+ 288
16 + 32: 16 —-32—-64: 16+32¢ —64—128;
32 + 644 32 —64 — 1287 32+ 64r —128 — 2564

Step A2: Now (A — (1 + 2i)I;)D2 = pa(A) = O5 by the Cayley-Hamilton
Theorem. Hence, k = 1.

Step A3: Because k = 1, finding an eigenvector for Ao amounts to choosing a
nonzero column of Ds. Since the second column of D5 has the simplest form, we
choose that one. (Note that all of the other columns of Dy are scalar multiples of
the second column.) We further simplify this choice by dividing each entry by 8 to
get

Vo1 = [6—31', 2+i, —4—i, 2, 4]
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Steps A4 — A6: These steps are unnecessary, since we have the only eigenvector
we need for \y.

Finally, we must find an eigenvector for A3 = 1 — 2i. This computation is
completely analogous to the one performed for As. In Exercise 6 you are asked to
verify that this process produces the vector

v = [6+3i,2—4, —4+1i, 2, 4].

We now have an ordered basis B = (v11, V12, V13, Va1, V31) of generalized eigen-
vectors for A. By Theorem 1, every continuously differentiable solution of the
system F'(t) = AF(t) has the form

At At At At At
F(t) = cie™ v + cae™'vig + cze™ vz + cue™ Vo + cse™ v
« At 9

We need to work out each of the expressions in this sum. While the
of each expression has the form

portion

(where v represents each of vi1, V12, Vi3, Vo1, V31 in turn), these differ depending
on the values of A, k, and the particular v involved.
First, for cieA*vyy, we have A = 1 and k = 1 (since (A — I5)1 vi; = 0). Thus,

cleAtvn = ciél E 7115 v11

tO
01€t <a (A — 115)0 Vll) = clet (Vll) .

Next, for coe®*viy, we have A = 1 and k = 2 (since (A —15)2 via = 0, but
(A — 15)1 Vi2 7é 0) ThU.S,

CgeAtvlg = Cget E —1Ir V12

= ot ﬁ )% vi (A1)
= (g€ (A 115) Vig + 1 (A 115) Vi2

0!
= Cget (V12 +1 (A — 115) Vlg)
= coe (vig +tvir) since (A — 1I5) via = vi3.

Next, for czevis, we have A = 1 and k = 3 (since (A —I5)° viz = 0, but
(A — 15)2 Vi3 35 0) Thus,

k—1
CgeAtV13 = €t Z 1 — 1Ir V13
7=0
0 t! 12 9
= c3e’ o (A —1I5)" viz + — 1 (A —1I5)" viz + = o1 (A —1I5)" vi3

2

t
= Cget <V13 +t (A — 115) Vi3 + 5 (A — 115)2 V13)

t2
cze’ <V13 +tvia + 5V11)

since (A - 115) Vi3 = V12 and (A - 115)2V13 = Vi1.
Next, for cieAtvay, we have A = 1+ 2i and k = 1 (since (A — (1 + 2i)I5)1 Va1
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= 0). Thus,
kel tJ )
C4€AtV21 _ C46(1+22)tf Z = (A B (1 + 2i)I5)] Vor
=07
0
— 046(1-1-22')15 <% (A _ (1 + 2i)I5)0 V21> — 646(1+2i)t (V21) )

Finally, for cseAtvsy, we have A = 1 — 2i and k = 1 (since (A — (1 — 2i)I5)" vs;
= 0). Thus,

k=1,
. tJ P
C5€AtV31 — 656(1722)15 Z - (A o (1 + 22)15)J Vi1
=07
) t0 )
= 656(1_22)75 <a (A - (1 — 2’L>I5)0 V31> = 656(1_21)t (V31) .

Notice by the way, that the values of “k” corresponding to each of these generalized
eigenvectors is 1 for vq1, vor, and vsq, 2 for vio, and 3 for vi3. (That is, if you have
created and labelled the generalized eigenvectors as described in the Jordan Form
Method, the value of k for a given generalized eigenvector is the second number in
the subscript for that generalized eigenvector.)

Now, combining all of these expressions, we have:

t2
F(t) = cletvu —+ @et (V12 —+ tVll) + c;;et <V13 —+ tV12 —+ 5V11>

t e 20ty 4 o (1-20ty,
Substituting in the values for the vectors vi1, vi2, Vi3, vo; and vs; produces the

general solution for this system, as follows:

-8 2 -8
0 0 0
F(t) = cie' | 0| +cet || —2]+t] O
0 -2 0
-2 1 -2
=7 2 -8
0 0| .| 0
+ czet Li+t|=2]+5| 0
-1 -2 0
-5 1 -2
6 — 31 6+ 31
241 2—1
e @120 | g | e | g
2 2
4 4
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This simplifies to

-8 28t —7+ 2t — 412
0 0 0
C1 0 + c2 —2 +c3 1—2t et
0 -2 —-1-2t
-2 1—2t St
6—3i 6+ 3i
241 2—1
+eq | —4—1 e(1+20)t +ecs5 | —4+1 e(l_%)t7
2 2
4 4

or,

(—8c1 + (2 — 8t)cg 4 (=7 + 2t — 4t%)cs)el + (6 — 3i)cae M2t 4 (6 4 3i)cset 201
(2 + 1)es 120t 4 (2 — §)cse(1-200t
(—=2co + (1 — 2t)e3)el 4 (—4 — 1)ege1 20t 4 (—4 4 i) c5et =20
(=2¢5 + (=1 — 2t)cs)et + 2c4e(1+20t 4 26,120
(—2¢1 + (1 = 2t)ez + (—% +t—1t2)cs)el + 4e, 0120t 4 fop (120

and so the solution set of the given first-order system consists of all vectors of this
general form. |

In Example 2, we began with a first-order system of differential equations involv-
ing only real numbers, and so you might be interested in finding only the real-valued
solutions to the system. This is done in the following example.

EXAMPLE 3

We use the general complex solution obtained for the system in Example 2 to isolate
its real-valued solutions.

Since A1 = 1 is real, we can replace the complex coefficients c1, ¢, ¢ with real
coeflicients a1, as, a3, to obtain all of the real-valued terms in the solution related to
A1. Thus, we only need to consider the terms related to Ao = 1+27 and A3 = 1—2¢
(those involving ¢4 and c5), which are

2ztv21 4 C5€t€_2ltV31 .

cae 120ty 4 e e(1=20ty — ¢ ote
You are asked in Exercise 7 to use the facts that Ao and A3 are complex conjugates
of each other, as are their corresponding generalized eigenvectors vo; and vsp, along
with the formulas

0

e =cosf+isinf and e ¥

= cosf — isinf.

t 24t

to show that the sum cqete®*vq; + csele™2

itvs; can be expressed in the form
e’ (as cos(2t) + assin(2t)) u + e’ (—ay sin(2t) + as cos(2t)) w,

where

Vo1 + Va1

u = real part of vo; = =16, 2, —4, 2, 4], and

Yo7 vl (3,1, -1, 0, 0].

w = imaginary part of vo; = %
J

Because all of the functions now involved (e?, cos(2t), and sin(2t)) are real-valued
for real values of ¢, we restrict the coefficients a4 and as to being real so that we
only get real-valued solutions.
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Therefore, we have determined that all real-valued solutions to the given first-
order system are of the form

2
F(t) = aielvii + aze’ (vig +tvi1) + aze <V13 +tvis + 5v11>

where a1, as, a3, aq,a5 € R, and with u and w as described above.

» New Vocabulary

+ €' (a4 cos(2t) + as sin(2t)) u + €' (—aq sin(2t) + a5 cos(2t)) w,

eAly
> Highlights

e If A is a square matrix, A\ is an eigenvalue for A with corresponding gen-
eralized eigenvector v, and if k is the smallest positive integer such that
(A — A\I)#v = 0, then eAtv =M Zf;& tj—J, (A —\L,) v.

e If A is an n X n matrix, then the complete set of continuously differentiable
solutions for the system of differential equations given by F/(t) = AF(¢) is the
set of all functions of the form F(t) = ¢; eAtyv+egetrtvo+t- - Fcpev,, where
(V1,...,Vy) is an ordered basis for C™ consisting of generalized eigenvectors
for A and cy,...,c, € C.

e An ordered basis for C™ consisting of generalized eigenvectors for a square
matrix A can be computed using the Jordan Form Method found in the web
section on Jordan Canonical Form.

e If a matrix A has all real entries, but has complex eigenvalues, the set of real
continuously differentiable solutions for F’(f) = AF(t) involves isolating the
real part of the general complex solution, using the formulas e?Y = cos 6+i sin 6
and e™* = cosf — isin6.

» EXERCISES
1. Let A be the 3 x 3 matrix from Example 1.
a) Verify that pa (z) = (z — 3)°.
b) Verify that vi; = [-3,1,0], vi2 = [2, -3, —1], vi3 = [1,0, 0] is a sequence
of generalized eigenvectors of A for A = 3 such that (A — 3I3) vi3 = Vo,
(A - 313) Vi2 = Vi1, and (A - 313) Vi1 = 0.
2. In each part, you are given an n X n matrix A, an eigenvalue X\ of A, and a
generalized eigenvector v for A corresponding to A. Calculate eAtv.
[-10 0
* a) A=|-53 -1]|,A=2,v=]0,1,0]
11 1
1 -1 2 -1
-2 6 —-11 6
b) A= A=1,v=[-1,1,0,—1
) O 3 _5 3 ) , V [ sy Ly Yy ]
L 0 1 =2 2
[3i 1 —4i 0
03 0 —4i .
* c) A= 9% 0 -3 1 , A=1,v=10,2,0,1]
L 0 2¢ 0 —3
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* h) A=

3. In each part, find the general solution for the first-order linear homogeneous

system F’/(t) = AF(t) for the given matrix A. (Note: Parts (a) through (g)
of this exercise use the same matrices that appear in Exercise 6 in the web
section on Jordan Canonical Form. If you have already done that exercise,
you can use the answers you computed to help you solve this exercise.)

[—9 5 8
* a) A=| 434
| 847
[ 6 —2 -3
b) A=| 14 14 13
23 —19 —-19
(Hint: pa(z) =% — 2% —8z+12 = (z — 2)* (z + 3))
[ 5 -3 —6
c) A= 7 -5 —14
2 2 6
8 5 0
* d) A= | -5 -3 —1 | (Note: Exercise 7(c) below asks for only the real-
L 10 7 0

valued solutions for this system.)

[ —4+50 2—2i 1—2¢

e) A= | —8+6i 4—2i 2—3i | (Hint: pa(z) = 2® — 2iz? — 2)
| 4 25 —i

[—12 5 —11 —-10

-7 3 -7 =8

15 —6 14 12

| -4 1 -4 -3

(Hint: pa(z) = 2* — 223 — 322 + 4z + 4 = (z — 2)* (z + 1))
[ -3 2 -1 53

-8 2 7 =21

f) A=

* g A=| 0-3 -4 63

-4 1 3 -11
0 -2 -2 41

(Hint: pa(z) = 2° + 52t 4+ 1023 + 1022 + 52 + 1 = (x + 1))
(010

001
(000

4. Show that it is consistent with the definition of eAfv to define ¢® to be I,.

(Consider both cases: t =0 and A = O,,. You can adopt here the standard
convention in the context of infinite series that 0° = 1.)

. Let A be an n x n matrix having eigenvalue A with corresponding generalized

eigenvector v. Let B = cA for some ¢ € C. Suppose that F(t) = eAv. Show
that v is a generalized eigenvector for B corresponding to the eigenvalue cA,
and that G(t) = eBlv = F(ct).

. Let F'(t) = AF(¢) be the first-order system given in Example 2. Verify that

vy =[6+3i,2—4, —4+1, 2, 4]

is an eigenvector for A corresponding to the eigenvalue A3 = 1 — 2i.
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7. This exercise will substantiate the claim made in Example 3.

a)

b)

* ©)

Use the formulas

0

e =cosf +isinf and e ¥

=cosf —isinf
to show that if z = x + 7y, then
aze® +bze™ =z (c cosf + d sin ) + y (—c sinf + d cosh),

where a,b,z € C, Z is the complex conjugate of z, ¢ = a + b, and

d=1i(a—D0).
Use part (a) to show that if ¢ € R and

Vor = [6430,2—i, —4+1i,2, 4]
and vg; = [6+ 33, 2—1¢, —4+14, 2, 4],

then the real-valued solutions corresponding to
cae 120ty 4 o120ty
in Example 3 can be expressed in the form
€' (as cos(2t) + a5 sin(2t)) u + €' (—ay sin(2t) + a5 cos(2t)) w,

where ay, a5 € R, u is the real part of vo; and w is the imaginary part
of Vor.

8 5 0
For the matrix A = | =5 —3 —1 | from part (d) of Exercise 3, find all
10 7 0

the real-valued solutions for the first-order linear homogeneous system
F'(t) = AF(t) by following a technique similar to that shown in Example
3, making use of the formula in part (a) above.

» 8. Let A be an n X n matrix.

a)

b)

Let A be an eigenvalue for A and let v be a corresponding general-
ized eigenvector. Show that e“fv is a solution to the first-order system
F'(t) = AF(t).

Show that any finite linear combination of solutions to the first-order
system F’'(t) = AF(t) is also a solution for the system. (This, together

with part (a), shows that all of the functions given in Theorem 1 are
indeed solutions for the system F'(¢) = AF(t).)

% 9. True or False:

a)

b)

To compute eAtw for a square matrix A and a vector w, one must first
express w as a linear combination of generalized eigenvectors for A.

If a square matrix A is diagonalizable, then the techniques in Section
8.8 of the textbook are sufficient to completely solve the system F'(¢) =
AF(t), so the techniques introduced in this section are not necessary in
that case.

If A is an n X n matrix, then the complete set of continuously dif-
ferentiable solutions for the system of differential equations given by
F/(t) = AF(t) is the set of all functions of the form F(t) = cetv, where
v is a generalized eigenvector for A and ¢ € C.
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d) If A is a square matrix whose only eigenvalue is 0, the the complete
set of continuously differentiable solutions for the system of differential
equations given by F/(t) = AF(t) consists only of polynomials.

e) The complete set of real-valued continuously differentiable solutions for

the system
0 —1]
F'(t) =

o={7 7]

is the set of all functions of the form

cost
F =
(t> a [ sint ]

for a,b € R.

F(t)

cost

[ —sint]
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» Answers to Selected Exercises

0 2t
2
(2) (a) |1+t |e (© 2 it
t t
1
1 2+t 1
3) (a) et |2 +eca|1+2t| |el+c3|0]fet
0 2 1

(c1+ca(2+1)) el +cge?
= (2¢1 +co (1 +2t)) et

2coet + cge™t
1 2—1 241
(d) er | =1 | €3 +ey | =344 =0t L oo | —3 | (402
1 1—2¢ 142

Cle?’t + 02(2 _ i)e(lfi)t + 03(2 + i>e(1+i)t
= | —c1® 4 co(—3 4+ i)Vt + ¢5(—3 — i)eIHI)t
c1e® + co(1 — 2i)et =Dt 4 c3(1 4 2i)e(1H0)t

—2 1-—2¢ —2 —2t 1
-8 —8t 3 143t -2
(g) | ca 0 +e 0 +c3| =3 | +eca| =3t | +c5 2 et
—4 —4¢ 1 t 0
0 0 —2 —2t 0

(—2c1 + o — 2c3+¢5) + (—2¢o — 2¢4) t
(—801 + 303 +cq — 265) + (—862 + 364) t

= (—3cs + 2c5) — 3eqt et
(—401 + 03) + (—402 + 04) t
—263 - 264t
1 t 1 a1 + et + 2
(h) c1 | 0] +ec| 1| +c3 t = co + c3t
0 0 1 c3
1 2 -1
(1) (¢)ar | —1|e¥+as| -3|+as| 1 elsint
1 1 —2
2 1
+las| -3 +as| -1 et cost
1 2

a1€3 + (2a5 — aq) ' sint + (2a4 + as) e* cost
= | —a1€3 + (=3as + a4) e sint — (3a4 + as) et cost |,
a1€3 + (a5 — 2a4) ' sint + (a4 + 2a5) e’ cost

where a1,a4,a5 € R
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Isometries on Inner Product
Spaces

Prerequisites: Section 5.5, Isomorphism; Section 6.3, Orthogonal Diagonaliza-
tion; Section 7.4, Orthogonality in C"; Section 7.5, Inner Product Spaces

In this section, we investigate functions between inner product spaces that preserve
the distances between vectors. We will pay special attention to such functions that
are also linear transformations.

» Definition of an Isometry

As we will see in the formal definition below, a function on an inner product space
that preserves the distances between vectors is called an isometry.

EXAMPLE 1

The translation function f: R? — R? defined by f([z,y]) = [z,9] + [2,—5] is an
isometry from R? to R2. The function f merely moves every vector in the plane 2
units in the positive z-direction and 5 units in the negative y-direction. In effect,
f is a mapping taking the entire plane to itself in which the distance between any
pair of vectors remains unchanged. Such a mapping is often referred to as a rigid
motion of the plane, in which the plane is imagined as an infinite, unbreakable,
unbendable sheet of glass that is merely shifted to a new position. Along with
translations, rigid motions of the plane also include rotations about a fixed point
and reflections about a fixed line, as well as compositions of these mappings. (In
fact, it can be shown that all isometries of the plane are actually rigid motions.)

The conjugation function g: C — C given by g(z) = Z for every z € C is also an
isometry, since, if z1, 29 € C, then

[zt — 22| = |21 — 22 by Theorem C.1 in Appendix C

- ‘Zl - Zgl,

because a complex number and its conjugate have the same absolute value. Hence,
the distance from Z7 to Z3 equals the distance from z; to zs. |

Although both of the functions in Example 1 are isometries, the first one is not
a (real) linear transformation, while the second is not a complex linear transforma-
tion.

In particular, the translation function on R? in Example 1 is not a linear trans-
formation because it does not fix the origin; that is, f(0) # 0. Because of this,
while f preserves the distance between vectors, it does not preserve the lengths of
vectors; that is, in general, || f(v)|| # ||v||. (This is because the length of a vector
equals its distance from the zero vector. We will see this in more detail in the proof
of Theorem 1, below.)

In this section, we are mostly interested in those isometries that are linear
transformations. We will see in Theorem 1, below, that such isometries preserve
both distances and lengths.

EXAMPLE 2

Consider the linear operator L: R?® — R3 which rotates every vector (having its
initial point at the origin) counterclockwise 45° about the z-axis. From a geometric
point of view, L is a rigid motion of 3-space, in which 3-dimensional space is
imagined as an infinite unbreakable, unbendable solid that is merely rotated to a
new position, while keeping the z-axis fixed. Thus, L is a obviously an isometry
since it does not change the distance between any two vectors. This operator can
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be expressed as

V2 V2 N2, 2

x 2 2 x 2 2 Y

L Yy = @ @ 0 y| = @x—k@y
z 0 0 1 < z

In what follows, we will study the notion of isometry in more general inner
product spaces, not just in R™ and C". Therefore, we will often distinguish the
particular inner product involved by using a subscript to indicate its corresponding
inner product space. For example, in an inner product space V, we would express
the inner product of vy and vy as (vi,vz),,. Similarly, we express the norm of
v in V as [[v||,,. Throughout this section, when working with R™ or C", unless
stated otherwise, we assume that we are using the standard dot product as the
inner product.

Let V and W be real [complex] inner product spaces (either both real or

both complex). Then a function f: V — W is an isometry if and only if
|f(vi) = f(v2)llyy = [[vi — val|,, for all vi,vo € V.

Notice that ||[vi — val|,, is computed using the norm on V, while || f(v1) — f(v2)|,y
is computed with the norm of W.

ExXAMPLE 3 Consider the inner product space P, with inner product defined as follows: if
P1 =anz" + -+ a1z + ao and pa2 = by + -+ - + bix + by, then

(P1,P2) = anby + -+ + ar1by + agbo.

Also consider the inner product space R"™! with the usual inner (dot) product.
Suppose L: P, — R is the linear transformation given by

L(cpz™ + -+ c1x 4+ ¢co) = [en, - - -, C1,C0)-
Now L is obviously an isometry since

l(eaz™ + -+ ex + co) — (dn™ + -~ + dy + do) 1,
[(cn —dn)z™ + -+ (c1 — di)z + (co — do)| p,

V{(en —dn)z™ + -+ (co — do), (cn —dn)a" + -+ (co — do))
V(en = dn)? + -+ (co — do)?,

while

|L(cpa™ + -+ 1z +co) — L(dpa"™ + -+ - + dix + do) ||gns
= |llen,---sc1,¢0] = [dn, - - dy, dol||gnsr
[[(cn = dn), ..., (c1 = di), (co — do)]lIgn+s
= Vl(en —dn),- s (co = do)] - [(cn = dn), -, (co — do)]
= V(cn —dp)?2 4+ (co — do)?.

» Properties of Isometries

While linear transformations that are isometries preserve (by definition) the dis-
tances between vectors, the next theorem shows that these types of isometries also
preserve the norms of vectors, as well as inner products and orthonormal sets.
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THEOREM 1
Let L: ¥V — W be a linear transformation between inner product spaces. Then
the following are equivalent:

(1) L is an isometry.

2) Ivlly, = IL(V)|l,y for every v € V.

(3) (vi,v2)y = (L(v1), L(Vv2)),y for every vi, vy € V.

(4) The image under L of every orthonormal set in V is an orthonormal set
in W.

Assume L is a linear transformation between inner product spaces V and
W. We prove Theorem 1 by showing that (1) < (2), (1) = (3), (3) = (4),
and (4) = (2).

(1) = (2): Let v € V. Then,

vy, = [[v—=0v|y =|L(v) = L(0y)|,,, because L is an isometry
= [[L(v) = Owlly by Theorem 5.1
= [[L(V)lw -

(2) = (1): Suppose ||[v],, = || L(V)]|,y, for all v € V. But then, for all vi, vy € V,
Vi —vally, = [|L(vi — v2)ll\y, = [[L(v1) — L(v2)|l,y, because L is a linear transfor-
mation. Hence, L is an isometry.

This concludes the proof of (1) <= (2), and so (1) and (2) are equivalent.

(1) = (3): We present a proof for real inner product spaces using the Polar-
ization Identity from part (a) of Exercise 8 in Section 7.5. A completely analogous
proof holds for complex inner product spaces using the complex Polarization Iden-
tity in part (b) of that exercise.

Suppose ||[vi — val|,, = || L(v1) — L(v2)||,y for every vi,vs € V. Then,

(viva)y = & (Iva+val = v = vall})
using the Polarization Identity in V
= 3 (Ivi = V2l = va = vall})
IL(v1) = L(=va)ll}y = IL(v1) = L(v2) )
= 3 (1) + Lv2) By = I1L0v1) = L(va) )

since L is a linear transformation
= (L(v1),L(v2)),, using the Polarization Identity in W.

Il
=
—~

(3) = (4): Suppose (vi,v2),, = (L(v1), L(v2)), for every vi,vo € V. Let B
be an orthonormal set in V. Then ||u;|,, = 1 for all u; € B, and (u;,u;),, = 0 for
all distinct u;,u; € B. But then

<L(ui)7L(uj)>W = <uiauj>v =0,

for all distinct u;,u; € B, and

L)y = (L), L)y = 3/ (s, i)y, = [l = 1
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for all u; € B. Also note that, for all distinct u;,u; € B, L(u;) and L(u;) are
distinct because

IL(ws) = L)y = \/(L(ws) = L(wy), L(ws) — L(w;)y,

= (L — wy), L(ui — u)),y,

=l —w), (w —uy)),,
\/<umui>v —(w;,u5)y, — (), W)y, + (uj,uy),,
= VI-0-0+1=Vv2#0.

Hence, L(B) is an orthonormal set.

(4) = (2): Suppose the image of every orthonormal set in V is an orthonormal
set in WW. We must show that ||L(v)]|,,, = [|v||,, for all v € V.

First, if v = 0y, then L(v) = L(0y) = Oy, and so

1LVl = [10wllyy =0 = [l0v[l, = [Ivi, -

Next, suppose that v # 0y. Now u = W is a unit vector, and so {u} is an
%
orthonormal set in V. Hence, {L(u)} is an orthonormal set in W. Therefore, L(u)
is a unit vector. Thus,

v
= e = | (75 )|
v/ llw
= H (L) L(v) because L is a linear transformation
Ivlly W
1
= —— [|[L(V)]ly by Theorem 7.13.
vy
But then ||v|,, = [|[L(V)],y- QED

EXAMPLE 4

Consider again the linear operator L on R? from Example 2, involving a counter-
clockwise rotation about the z-axis through an angle of 45°, along with an inner
product on R? given by the standard dot product. All of the properties of isome-
tries given in Theorem 1 are satisfied for this linear transformation.

In particular, because the rotation L involves a rigid motion of space that fixes
the origin, L preserves the lengths of vectors, which verifies that property (2) is
satisfied.

Next, if B is any orthonormal set of vectors in R3, then the vectors in B are
unit vectors, and because L preserves lengths, the vectors in L(B) are also unit
vectors. Moreover, since any two vectors in B are orthogonal to each other, their
images in L(B) after rotation must also be orthogonal to each other. Thus, L(B)
is also an orthonormal set, verifying that property (4) is satisfied.

However, verifying property (3), preservation of the inner product, requires some
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algebraic computation:

@m - @yl @332 - @?JQ
L([z1,y1, 21]) - L([z2, Y2, 22]) = @xl + %Zﬂ : %332 + §y2
Z1 zZ9

(o1 50) (81 5)
+ (3§$1 + lg?ﬂ) (@m + Ag?ﬂ) + 2122
= %551%2 - %xlyz - %$2y1 + %ylyQ
+ 3T1T2 + 3T1Y2 + 3T2Y1 + FY1Y2 + 2122
= X1T2 T Y1Y2 + 2122
= [z1,y1,21] - [22,92, 22].
|

The proof of the following corollary is easy, and is left for you to do in Exercise
7.

COROLLARY 2

Let L: V — W is an isometry between real inner product spaces. Then the
measure of the angle between any two nonzero vectors vi and vg in V is equal
to the measure of the angle between L(v1) and L(va) in W.

Corollary 2 shows that isometries preserve the geometry of real inner product
spaces by leaving the angle between corresponding nonzero vectors unchanged. For
example, we have already seen that the isometry in Example 4 preserves angles,
illustrating this corollary.

Note that Corollary 2 only applies to real inner product spaces, not to complex
inner product spaces. This is because the angle between two vectors v; and vs

in a complex inner product space is not defined, since, in a complex vector space,
(v1,v2)

[vall]vll . . .

An important property of isometries for both real and complex inner product

spaces is given in the next theorem.

might be a complex number.?

THEOREM 3
Suppose the linear transformation L: V — W is an isometry between inner

product spaces. Then L is one-to-one. Furthermore, if V and W are finite
dimensional with dim(V) = dim(W), then L is an isomorphism.

Let L be an isometry between V and W, and let v € ker(L). Then

L(v)=0w = [L(V)lhy =0
= |Ivll, =0 by part (2) of Theorem 1
= v =0y.

Therefore, L is one-to-one by part (1) of Theorem 5.12 (or its complex analog).

If V and W are finite dimensional with dim(V) = dim(W), then the fact that L
is one-to-one together with Corollary 5.13 (or its complex analog) implies that L
must be an isomorphism. QED

9Even though angles between vectors are not defined in a complex inner product space, recall
that orthogonality is defined in both real and complex inner product spaces, since, in both cases,
we can check whether (vi,va) = 0. Hence, part (4) of Theorem 1 does make sense in a complex
inner product space.
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For instance, we have already seen that the coordinatization transformation
from P, to R"*! in Example 3 is an isometry. Because the dimensions of P,, and
R"™*! agree, this isometry is an isomorphism by Theorem 3. (In fact, it was shown
in general in the proof of Theorem 5.19 that any coordinatization transformation
on a finite dimensional vector space is an isomorphism.)

» All n-Dimensional Inner Product Spaces are Isometric

Two inner product spaces V, W are isometric if and only if there is an isomor-
phism L: ¥V — W that is also an isometry.

The next theorem generalizes Example 3, showing that every n-dimensional real
[complex] inner product space is isometric to R™ [C"]. You are asked to prove this
in Exercise 11.

THEOREM 4
Let V be a real [complex] n-dimensional inner product space, and let B be an
ordered orthonormal basis for V. Then the isomorphism L: V — R"[C"] given

by L(v) = [v]p for all v € V is an isometry. That is, V and R™ [C"] are
isometric.

This theorem shows that R™ [C"] is the “model” n-dimensional real [complex]
inner product space because there is a distance-preserving isomorphism between
any real [complex] inner product space and R™ [C"]. Thus, any n-dimensional
real [complex] inner product space essentially “behaves” like R™ [C™] not only with
respect to its addition and scalar multiplication, but also as far as its inner product
operation is concerned!

The next corollary follows easily from Theorem 4. You are asked to prove it in
Exercise 13. (The proof is similar to the proof of Corollary 5.20.)

COROLLARY 5

Let ¥V and W be real [complex] n-dimensional inner product spaces. Then there
is an isomorphism from V to W that is an isometry. That is, V and W are
isometric.

The fact from part (3) of Theorem 1 that isometries preserve the inner product is
especially interesting. We know from Section 5.5 that isomorphic vector spaces are
essentially equivalent, with properties in one mirroring the corresponding properties
in the other. But an isomorphism that is an isometry also preserves the inner
product, so all of the properties depending upon the inner product are preserved as
well. Thus, up to isomorphism, all n-dimensional inner product spaces essentially
behave the same, just as all n-dimensional vector spaces behave the same! We saw
this in Example 3, in which the “behavior” of P,, and R"*! as real inner product
spaces is identical. In the next example, we consider P3 with, seemingly, a different
inner product. However, we know from Theorem 4 that this inner product space is
actually isometric to R* with the standard dot product.

EXAMPLE 5 Consider P3 as a subspace of the inner product space of all continuous real-valued
function on the interval [—1, 1], where

1
e - | Ft)gte) .

ANDRILLI/HECKER—ELEMENTARY LINEAR ALGEBRA, 5TH ED.
© ELSEVIER 2016 — ALL RIGHTS RESERVED.



103

(See Example 11 in Section 7.5.)!° In that example, we found the mutually or-
thogonal polynomials vi = 1, vo = ¢, v3 = t2 — %, and v, = 3 — %t. (These are

multiples of the first four Legendre polynomials.) In part (a) of Exercise 12, you

are asked to verify that normalizing these vectors produces u; = %, U, = ( %) t,

us = 1/4—5 (t2 — %), and uy = ,/1775 (t3 — %t) Hence, B = (uy, us, u3, uy) is an or-
dered orthonormal basis for P3. Thus, by Theorem 4, the isomorphism L: P3 — R*
given by L(p) = [p] is an isometry, implying that P3 with this inner product is
isometric to R*. You are asked to verify that this isomorphism is an isometry in a
particular case in part (b) of Exercise 12. |

» The Matrix of an Isometry

The next theorem gives an easy way to determine whether a given linear transfor-
mation is an isometry.

THEOREM 6
Let L: 'V — W be a linear transformation between two m-dimensional real
[complex] inner product spaces. Let B and C be ordered orthonormal bases for

V and W, respectively. Then L is an isometry if and only if the matrix Agc
for L is an orthogonal [unitary] matrix.

This theorem shows that multiplication by an orthogonal or unitary matrix
essentially leaves the geometry (length, distance) of vectors unchanged. This is
why the orthogonal [unitary] diagonalization process of Section 6.3 [Section 7.4]
has advantages over ordinary diagonalization.

Let L, V, W, B, C, and A g¢ be as given in the statement of the theorem.

Suppose, first, that L is an isometry. We want to show that A pc is orthogonal
[unitary]. Let B = (uy,...,u,). By assumption, B is orthonormal in V. Then
L(B) = (L(uy),...,L(uy)) is an orthonormal set in W, by part (4) of Theorem 1.
But then L(B) is a linearly independent set by Theorem 7.15, and therefore is an
orthonormal basis for W (since W is n-dimensional). By Theorem 4, the mapping
from W to R™ [C"] that takes w to [w]¢ is an isometry. Hence, by part (4) of The-
orem 1, ([L(u1)]c,- .-, [L(uy)]c) is an orthonormal basis for R™ [C"]. But the ith
column of Ape is equal to [L(w;)]c, for 1 <4 < n. Thus, by part (2) of Theorem
6.7 [part (2) of Theorem 7.7], Apc is an orthogonal [unitary] matrix.

Conversely, suppose that the matrix Apc for L is orthogonal. (An identical ar-
gument works for the unitary case using the conjugate transpose everywhere below
in place of the transpose.) Now, for all v € V, we have HL(V)H?,V = (L(v), L(v))-
By Theorem 4, the mapping w — [w]¢ is an isometry from W to R™, and so
(L(v), L(v))yy = [L(V)]c - [L(V)]c (in R") = Apc[v]p - Apc|v]p. Rewriting this
vector dot product as a matrix multiplication, we have

IZO) Iy = (Apclvls)" Apclvls

VIEALcABc[V]B

= [v]iL.[v]s since A p¢ is orthogonal
vI5vls = vl - Vs = Vsl

But the mapping v — [v]|p from V to R™ is an isometry, and so, part (2) of Theorem
1 implies that

A%

2 2
115l = IVIl-

Hence, ||L(v)|,y, = [|V|,,» which, by Theorem 1, makes L an isometry. QED

10Even though this is the same vector space Py as in Example 3, it is a different inner product
space. The inner products used are distinct, although they are equivalent through isomorphism.
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EXAMPLE 6

We can show that the matrix (using the standard basis) for a linear operator on R?
that is an isometry has one of two forms. Since the columns of the corresponding
matrix for the operator are unit vectors (by Theorem 6), the first column has the

form { ?SZ ] , for some angle 6 (why?). A little thought will convince you that the
in

—siné sin 6

cos @ ] o { —cosf
vector orthogonal to the first column. Hence, the two possible types of matrices
corresponding to an isometry of R? are

second column must be either { ] in order for it to be a unit

A |:COSH —siné

cos 0 sin 0
sin 6 cos@] and B_{ }

sinf —cosf

We have already seen that A is the matrix for a counterclockwise rotation of vectors
in the plane through the angle #. The matrix B represents a reflection through the
line through the origin determined by the vector [cos g, sin g] (This is left for
you to show in Exercise 3.) Notice that |A| = 1, while |[B| = —1. Thus, we can
characterize all linear operators on R? that are isometries: those whose matrix has
determinant 1 are rotations, while those that have determinant —1 are reflections.

> Isometries That Are Not Linear Transformations

We saw in Example 1 that there are isometries between inner product spaces that
are not linear transformations. For example, a translation function on R™ preserves
distances between vectors, but is not a linear transformation. Also, for complex
inner product spaces, the fact that the conjugation operation preserves distances in
C but is not a linear operator on C provides the framework for many other examples
of isometries that are not linear transformations. However, in the case of real inner
product spaces, the final theorem of this section essentially shows that all isometries
between real inner product spaces consist of a linear transformation followed by a
translation. Exercise 14 provides an outline for the proof of this theorem.

THEOREM 7
Let V and W be real inner product spaces and let f: ¥V — W be an isometry.

Then the function L: ¥V — W given by L(v) = f(v) — f(0y) for all ve Vis a
linear transformation. Furthermore, L is an isometry.

EXAMPLE 7

The function f: R? — R? given by

([z]) =4y s
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is an isometry because

() (a1 -

4a+3b—5 4c+3d -5

3(a—c) — 4(b — d) H
A(a—c)+3(b— d)

V(Bla—c) - 4(b— d)* + (4(a - ¢) + 3(b — d))?
V/25(a — ¢)2 4 25(b — d)?

Loall=IG L)

Now f(0) = 1 [5} and so if we define L: R? — R? by L(v) = f(v) — f(0y),

I T _ 1 3 —4dy+8| 8
y 5 l4z+3y—5 51 -5
ldz+3y |

a linear transformation. Because the matrix for L is orthogonal, we see that L is
indeed an isometry by Theorem 6. |

1 {3@—4b+8} o [30—4d+8]H
5

then

Gl otfwo

» New Vocabulary

» Highlights

isometric inner product spaces
isometry between inner product spaces
rigid motion of the plane

rigid motion of 3-space

A linear transformation L: ¥V — W is an isometry between inner product
spaces V and W if and only if |[vi — va|,, = [|L(v1) — L(v2)||,, for every
Vi1,Vo € V.

e A linear transformation L: V — W is an isometry between inner product
spaces V and W
< ||IL(v)|l,y = |IV]l,, for all v € V
< (v1,Vva)y, = (L(v1), L(va)),, for every vi,vo €V
<= the image under L of every orthonormal set in V is an orthonormal
set in W.

e If a linear transformation L: V — W is an isometry between real inner prod-
uct spaces, then the angle between two nonzero vectors v and v, in V equals
the angle between L(vy) and L(vsy) in W.

e If a linear transformation L: V — W is an isometry between inner product
spaces, then L is one-to-one.

e If alinear transformation L: V — W is an isometry between two n-dimensional
inner product spaces, then L is an isomorphism.

e Inner product spaces V and W are isometric if and only if there is an isomor-
phism L: V — W that is also an isometry.
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EXERCISES

If V is an n-dimensional real [complex| inner product space, and B is an
ordered orthonormal basis for V, then the isomorphism v — [v]g from V to
R™ [C"] is an isometry.

If V and W are two n-dimensional real [complex] inner product spaces, then
VY and W are isometric.

Isometric inner product spaces are not only equivalent as isomorphic vector
spaces, but also possess equivalent inner products.

If L: V — Wis a linear transformation between two n-dimensional real [com-
plex| inner product spaces having orthonormal bases B and C, respectively,
then L is an isometry if and only if the matrix Agc for L is orthogonal
[unitary].

Every linear operator on R? that is an isometry is either a rotation about the
origin or a reflection about a line through the origin.

Every isometry f: V — V on a real inner product space represents a linear
transformation L on V followed by a translation of the vectors in V. Further-
more, the linear transformation L is an isometry.

1. Which of the following linear operators are isometries?

2 2 z gx—ﬁgy
% a) L: R >R givenbyL([ })— .
) %x—k@y
[z ] 2y + 13z
% b) L: R?® — R3 given by L Y = | 3z —2y—4z
| 2z | 2z 4+ 3y + 62
[z ] x+ 12y + 122
c) L: R3 — R3 given by L Y 2%7 122 + 8y — 92
| z ] 12z — 9y + 82
3z + 6y
d) L: R2—>R3givenbyL({x]):% —2x + 3y
y —6z + 2y
. 22 + 14y + 5z
. T3 2 _ 1
xoe) LR R given by £ Z _15{11x+2y—102]
o1 1
V3 V3 V3
— | 2 =
0 L 1
V2 V2

a) Show that A is a unitary matrix.

b) By Theorem 6, the mapping L: C* — C3 given by

21 21
L z92 =A z92
Z3 Z3
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is an isometry. Verify directly that L preserves the norm of the vector
[1 — i, —2, 3i] by showing that

1—1 1—14
L —2 = -2 .
34 34
cos sin 0

. times
sinf —cosf }

[z ] gives the reflection of [ ;j } about the line through the origin making
an angle of 4 with the positive z-axis. (Hint: Use Exercise 21 in Section 1.2.)

Each of the following matrices is orthogonal, and so its associated linear
operator is an isometry of R2. In each case, determine whether the isometry
represents a rotation (about the origin through an angle ) or a reflection
(about a line through the origin). Then give either the angle 6 of rotation, or
a vector in the direction of the line of reflection. (See Example 6.)

—_
o |
|§Iw|>—\
[N
=y
— 1

2 2
JE

If Li: V —Vand Ly: V — V are both isometries, prove that Ly o Ly is also
an isometry.

_1 _\3
2 2
2

5 —

If V is a finite dimensional inner product space and the linear operator
L: V — V is an isometry, show that L=! exists and that L~! is an isometry.

. Prove Corollary 2.

This exercise shows that the converse of Corollary 2 fails to hold.

a) Show that the linear operator L: R™ — R"™ given by L(v) = cv, where
le| # 1 is not an isometry.

b) Show that the operator L in part (a) preserves angles; that is, the angle
between v; and vy equals the angle between L(vi) and L(vs), for all
vy, v € R”,

Show that if a linear operator L on a real inner product space V is angle
preserving and fixes at least one nonzero vector, then L is an isometry. (By
“L fixes at least one nonzero vector” we mean that there is a nonzero vector
vg such that L(vg) = vg.) (Hint: First prove that if v; is perpendicular to vo,
then || L(v1) + vol|y, = [[v1 + Vol|,, by using the fact that the angle between
vp and (vi + vp) is preserved. Square both sides of this expression, then
expand using the inner product to show that ||L(vy)||* = ||v1||>. Finally, for
any vector v € V), use the Projection Theorem to decompose v into the sum of
a vector parallel to vy and a vector orthogonal to vg. Use this decomposition
to compute ||L(v)|?, and show that it equals ||v|>.)

Let (x1,...,%X,) and (y1,...,yn) be ordered orthonormal bases for R™. Show
that the linear operator L on R™ determined by L(x;) =y;, for 1 <i < mn, is
an isometry.

Prove Theorem 4.
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12. This exercise asks you to verify specific claims made in Example 5.

a) Prove that B = (u;, us, us, uy) given in Example 5 is an ordered ortho-
normal basis for Pj.

b) For the isomorphism L: P3 — R* in Example 5, verify that

Ipllp, = IL(P)les = /35

for the vector p = 2t2 + t. (This verifies that L is an isometry in one
particular case.)

» 13. Prove Corollary 5. (Hint: Use Theorem 4 to create appropriate isomorphisms

> 14.

L: V — R"[C"] and M: W — R"[C"]. Show that M~! exists and is an
isometry. Consider M~!o L.)

The purpose of this exercise is to prove Theorem 7. Suppose V and W are real
inner product spaces and f: V — W is an isometry; that is, ||[vi — val|,, =
| f(vi) = f(v2)|l,y for every vi,vy € V. Let L: ¥V — W be given by L(v) =
f(v) = f(Oy) for all v.€ V. Our goal is to prove that L is both a linear
transformation and an isometry.

a) Show that L(0y) = Opy.

b) Show that L is an isometry; that is, prove that, for every vi,vy € V,
Vi = vally = [L(v1) = L(v2)lly-

c) Prove that L preserves lengths; that is, prove that ||v|,, = || L(v)|},, for

every v € V. (Hint: Use parts (a) and (b). Note that Theorem 1 cannot
be used here since we do not yet know that L is a linear transformation.)

d) Show that ||L(vy —v2)|lyy, = [[L(v1) — L(v2)]|yy, for every vi,vy € V.
(Hint: Use parts (b) and (c).)

e) Prove that ||L(cv)l]yy,
(Hint: Use part (c).)

f) Show that both [|L(v) — L(—v)|,y, and (||L(v)|l\y + [|L(=V)]}y)) equal
2||L(v)|l,y for all v € V. (Hint: Use parts (d) and (e).)

g) Use part (f) to show that the angle between (—L(v)) and L(—v) is zero,
and, hence, these two vectors are in the same direction. (Hint: Start
with || L(v) — L(=v)|l,y = (IL(V) ]Iy + | L(=V)]ly))- Square both sides
of the equation, then simplify, using the inner product in W to further
expand the left side. The idea here is analogous to Exercise 4 in Section
1.3; that is, that the Triangle Inequality is an equality if and only if the
two vectors are in the same direction.)

h) Prove that L(—v) = —L(v) for every v € V. (Hint: Use part (e) to show
that the two vectors have the same length, and part (g) to show that
they are in the same direction.)

= || |L(v)]|,y for every v € V and every c € R.

i) Prove that (vi,v2),, = (L(v1),L(v2)),,, for every vi,vo € V. (Hint:
Follow the proof of (1) = (3) in the proof of Theorem 1, using the
Polarization Identity. In the step that requires L to be a linear transfor-
mation, substitute the result in part (h) as the reason that the step is
valid.)

j) Prove that L(cv) = cL(v) for every v € V and every ¢ € R. (Hint: Show
that ||L(cv) — cL(v)]|lyy, = 0, implying the desired result. Do this by
computing || L(ev) — cL(v)||12,V by expanding this expression using the
inner product in W. Then, after some simplification, use part (i) to
convert inner products in W to inner products in V.)
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Prove that L(vy +va) = L(v1) + L(va), for every v, vy € V. Note that
this result together with part (j) concludes the proof that L is a linear
transformation. (Hint: Show that ||L(vi + v2) — (L(v1) + L(v2))|l\y =
0, using a strategy analogous to that used in part (j).)

15. Prove that if f: V — W is an isometry between two inner product spaces,
then f is one-to-one. (Do not assume that f is a linear transformation.)

% 16. True or False:

a)

b)

f)

g)

If V and W are isometric finite dimensional inner product spaces, then
dim(V) = dim(W).

If L: V¥V — W is a linear transformation between two finite dimensional
real inner product spaces that preserves lengths of vectors, and if B and
C are ordered orthonormal bases for V and W, respectively, then the
matrix for L with respect to B and C is an orthogonal matrix.

If a linear operator L on C™ preserves norms of vectors, then it is an
isometry.

If a linear operator L on R™ is an isometry, then it is orthogonally diag-
onalizable.

Every linear operator L on R? that is an isometry is either a rotation
about the origin or a reflection about a line through the origin.

If V is an n-dimensional real inner product space and B is an ordered
basis for V, then the linear transformation V — R™ given by v — [v]p
for every v € V is an isometry.

If V and W are finite dimensional inner product spaces, and a linear
transformation L: V — WV exists that is also an isometry, then dim(V) <

dim(W).
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> Answers to Selected Exercises
(1) Part (a) is an isometry; parts (b) and (e) are not isometries.

(3) Use the fact that the vector r = [cos ,sin 4] makes an angle of § with the
positive z-axis. Let x = [z,y]. We compute 2(proj,x) — x for the desired

reflection of x, as suggested in Exercise 21 in Section 1.2:

2(proj,x) —x = 2 <<ﬁ> r) -x

9 4 ysin®
9 (M) [cos (2) ,sin (8)] — [z, 4]

= [23: cos? (%) + 2y cos (g si (%) —x,

Now use the trigonometric identities
2 cos (%) sin (g) =sinf, 2cos> (%) —1=cosf, and 2sin? (g) —1=—cosf
to simplify the above to

[xcos® + ysinb, xsind — ycosl],

which is the same result obtained from the matrix product
cosf  sinf x
sinff —cosf | |y |’
(4) (a) Counterclockwise rotation about the origin through an angle of 45°.

(e) Reflection about the line through the origin in the direction of [%, 3@]

(16) (a) T (c) T (e) T (g) T
(b) F (d) F (f) F
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Angle between intersecting planes, 7
Angle between two intersecting lines, 3
Angular momentum, 16
Angular velocity
magnitude and direction, 17
of Mars due to revolution about
the Sun, 25
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of the Earth due to rotation about
its axis, 25
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Anti-commutative property of cross prod-
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bian matrix, 29-38
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84-91
function spaces, 43-44
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Jordan Canonical Form, 59-71
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uct, 1-18
max-min problems in R™ and the
Hessian matrix, 49-53
Area of a triangle, 16
cross product formula, 24

Cancellation property of cross product,
9
Change of variables (in integration), 29—
38
Continuously differentiable, 43
Coordinatization transformation
isometry, 102
Critical point, 50-53
Cross product
angular velocity, 17
anti-commutativity of, 8, 9
area of a triangle formula, 16, 24
basic properties of, 9
cancellation property, 9
definition of, 7
direction of, 11

distributive law over addition, 9
exchange property with dot prod-
uct, 9

formula for, 7
magnitude formula, 10
non-commutativity of, 8
orthogonality property, 9
parallel vectors, 11
Right-Hand Rule for direction, 11
scalar associative law, 9
subscript order, 7
uses in physics, 16, 17
zero property, 9

Cylindrical coordinates, 37

Determinant
Jacobian, 32, 33, 35-38
Differential equations, 84-91
complete solution set for first-order
linear homogeneous system, 86
real-valued solutions, 90, 93
Direction of cross product, 11
Distance-preserving function, 97, 98
Distributive law of cross product over
addition, 9
Dot product
exchange property with cross prod-
uct, 9
Double integrals, 30, 32-34

Earth
angular velocity due to revolution
about the Sun, 17
angular velocity due to rotation about
its axis, 25
latitude, 25
revolution about the Sun, 17
rotation about its axis, 25
velocity due to revolution about
the Sun, 18
velocity due to rotation about its
axis, 25
eAtv, 85
Eigenvalue, 52-53
eOn, 92
Equation for a plane, 6
Equations for a line
parametric, 1, 2
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symmetric, 21
Even function, 45
Exchange property of cross product and
dot product, 9

Function
critical point, 50-53
even, 45
local maximum, 50-53
local minimum, 50-53
odd, 45

Function space, 43—44

Fundamental sequence of generalized eigen-

vectors, 61

Generalized eigenspace, 60
Generalized eigenvector, 60

fundamental sequence of, 61
Gradient, 49

Hessian matrix, 50-53
Hypersphere, open, 49

Integration
change of variables, 29-38
cylindrical coordinates, 37
double integrals, 30, 32-34
multiple integrals, 38
polar coordinates, 32
spherical coordinates, 35
substitution of variables, 29-38
triple integrals, 35, 36
Intersecting lines
angle between, 3
plane determined by, 13
point of intersection, 3
Intersecting planes
angle between, 7
line of intersection, 13
Isometric inner product spaces, 102-
103
Isometry, 97-105
angle preserving, 101
between inner product spaces, 98
coordinatization transformation, 102
equivalent conditions for, 98
matrix for, 103
on R?, 97, 104
on R3, 97
on R" or C™, 97
one-to-one, 101

Jacobian determinant, 32, 33, 35—38
Jacobian matrix, 32

determinant, 32, 33, 35-38
Jordan block, 59
Jordan Canonical Form, 59-71

INDEX

definition of, 61
existence of, 63
method for finding, 66
adjustment to Method, 71
uniqueness of, 63, 77
Jordan Form Method, 66, 86

Latitude

relation to angular velocity, 25
Line of intersection of two planes, 13
Line(s)

formed by two distinct intersect-

ing planes, 13

intersecting, 3

non-intersecting, 5

non-parallel

shortest distance between, 23
parallel, 5
parametric equations for, 1, 2
non-uniqueness of, 2

skew, 5

symmetric equations for, 21
Linear independence

in a function space, 43-44
Local maximum, 50-53
Local minimum, 50-53
Lorentz force, 16

Magnitude of cross product, 10
Mars
angular velocity due to revolution
about the Sun, 25
revolution about the Sun, 25
velocity due to revolution about

the Sun, 25
Matrix
for isometry of inner product spaces,
103

Hessian, 50-53

Jacobian, 32, 38
Maxwell’s Equations, 16
Method

Jordan Form Method, 66, 71, 86
Multiple integrals, 38

Negative definite quadratic form, 51
Non-intersecting lines, 5
Non-parallel lines

shortest distance between, 23
Normal vector for a plane, 6

0Odd function, 45

Open hypersphere, 49

Orthogonality property of cross prod-
uct, 9

Parallel lines, 5
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INDEX

Parallel planes
shortest distance between, 24
Parallel vectors
cross product, 11
Parameter, 1, 5
Parametric equations for a line, 1, 2
non-uniqueness of, 2
Plane(s)
angle between intersecting planes,
7
determined by three non-collinear
points, 12
determined by two distinct inter-
secting lines, 13
equation for, 6
intersecting, 13
normal vector, 6
parallel
shortest distance between, 24
uniquely determined by three non-
collinear points, 7
Point of intersection of two lines, 3
Polar coordinates, 32
Polarization Identity, 99, 108
Position vector, 17
Positive definite quadratic form, 51
Properties of cross product, 9

Quadratic form, 51
Hessian matrix as, 51
negative definite, 51
positive definite, 51

Revolution
of Earth about the Sun, 17
of Mars about the Sun, 25
Right-Hand Rule, 11
Right-handed system, 12
Rigid motion of 3-space, 97
Rigid motion of the plane, 97
Rotation of the Earth, 25

Scalar associative law for cross prod-
uct, 9
Shortest distance
between parallel planes, 24
between two non-parallel lines, 23
from a point to a line, 15
from a point to a plane, 15
Skew lines, 5
Solving first-order linear systems of dif-
ferential equations, 84-91
complete solution set, 86
real-valued solutions, 90, 93
Spherical coordinates, 35
Substitution of variables in integrals,
29-38
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Taylor’s Theorem, 49
Torque, 16

Triangle Inequality, 108
Triple integrals, 35, 36

Vector(s)
cross product, 7
gradient, 49
normal vector to a plane, 6
parallel vectors, 11
Velocity, 17
cross product formula, 17
of Earth due to revolution about
the Sun, 18
of Earth due to rotation about its
axis, 25
of Mars due to revolution about
the Sun, 25

Zero property of cross product, 9
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